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Abstract
Very compact objects probe extreme gravitational fields and may be the key to
understand outstanding puzzles in fundamental physics. These include the nature of
dark matter, the fate of spacetime singularities, or the loss of unitarity in Hawking
evaporation. The standard astrophysical description of collapsing objects tells us
that massive, dark and compact objects are black holes. Any observation suggesting
otherwise would be an indication of beyond-the-standard-model physics. Null results
strengthen and quantify the Kerr black hole paradigm. The advent of gravitational-
wave astronomy and precise measurements with very long baseline interferometry
allow one to finally probe into such foundational issues. We overview the physics of
exotic dark compact objects and their observational status, including the observational
evidence for black holes with current and future experiments.
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“The crushing of matter to infinite density by infinite tidal gravitation forces
is a phenomenon with which one cannot live comfortably. From a purely philo-
sophical standpoint it is difficult to believe that physical singularities are a fun-
damental and unavoidable feature of our universe [...] one is inclined to discard
or modify that theory rather than accept the suggestion that the singularity ac-
tually occurs in nature.”
Kip Thorne, Relativistic Stellar Structure and Dynamics (1966)
“No testimony is sufficient to establish a miracle, unless the testimony be of
such a kind, that its falsehood would be more miraculous than the fact which it
endeavors to establish.”
David Hume, An Enquiry concerning Human Understanding (1748)
1 Introduction
The discovery of the electron and the known neutrality of matter led in 1904 to J. J. Thom-
son’s “plum-pudding” atomic model. Data from new scattering experiments was soon
found to be in tension with this model, which was eventually superseeded by Rutherford’s,
featuring an atomic nucleus. The point-like character of elementary particles opened up
new questions. How to explain the apparent stability of the atom? How to handle the
singular behavior of the electric field close to the source? What is the structure of ele-
mentary particles? Some of these questions were elucidated with quantum mechanics and
quantum field theory. Invariably, the path to the answer led to the discovery of hitherto
unknown phenomena and to a deeper understanding of the fundamental laws of Nature.
The history of elementary particles is a timeline of the understanding of the electromag-
netic (EM) interaction, and is pegged to its characteristic 1/r2 behavior (which necessarily
implies that other structure has to exist on small scales within any sound theory).
Arguably, the elementary particle of the gravitational interaction are black holes (BHs).
Within General Relativity (GR), BHs are indivisible and the simplest macroscopic objects
that one can conceive. The uniqueness results – establishing that the two-parameter Kerr
family of BHs describes any vacuum, stationary and asymptotically flat, regular solution
to GR –have turned BHs into somewhat of a miracle elementary particle [1].
Even though the first nontrivial regular, asymptotically flat, vacuum solution to the
field equations describing BHs were written already in 1916 [2, 3], several decades would
elapse until such solutions became accepted and understood. The dissension between
Eddington and Chandrasekhar over gravitational collapse to BHs is famous – Eddington
firmly believed that nature would find its way to prevent full collapse – and it took decades
for the community to overcome individual prejudices. Ironically, after that BHs quickly
became the only acceptable solution. So much so, that currently an informal definition
of a BH might well be “any dark, compact object with mass above roughly three solar
masses.”
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1.1 Black holes: kings of the cosmos?
There are various reasons why BHs were quickly adopted as the only possible dark and
compact sources triggering high-energy, violent phenomena in the Universe. The BH
interior is causally disconnected from the exterior by an event horizon. Unlike the clas-
sical description of atoms, the GR description of the BH exterior is self-consistent and
free of pathologies. The “inverse-square law problem” – the GR counterpart of which
is the appearance of pathological curvature singularities – is swept to inside the horizon
and therefore harmless for the external world. There are strong indications that classical
BHs are stable against small fluctuations [4], and attempts to produce naked singulari-
ties, starting from BH spacetimes, have failed. In addition, BHs in GR can be shown to
satisfy remarkable uniqueness properties [5]. These features promote BHs to important
solutions of the field equations and ideal testbeds for new physics. But BHs are not only
curious mathematical solutions to Einstein’s equations: their formation process is sound
and well understood. At the classical level, there is nothing spectacular with the pres-
ence or formation of an event horizon. The equivalence principle dictates that an infalling
observer crossing this region (which, by definition, is a global concept) feels nothing ex-
traordinary: in the case of macroscopic BHs all of the local physics at the horizon is rather
unremarkable. Together with observations of phenomena so powerful that could only be
explained via massive compact objects, the theoretical understanding of BHs turned them
into undisputed kings of the cosmos.
There is, so far, no evidence for objects other than BHs that can explain all obser-
vations. Nonetheless, given the special nature of BHs, one must question and quantify
their existence. Can BHs, as envisioned in vacuum GR, hold the same surprises that the
electron and the hydrogen atom did when they started to be experimentally probed? This
overview will dwell on the existence of BHs, and signatures of possible alternatives. There
are a number of important reasons to do so, starting from the obvious: we can do it. The
landmark detection of gravitational waves (GWs) showed that we are now able to analyze
and understand the details of the signal produced when two compact objects merge [6,7].
An increase in sensitivity of current detectors and the advent of next-generation interfer-
ometers on ground and in space will open the frontier of precision GW astrophysics. GWs
are produced by the coherent motion of the sources as a whole: they are ideal probes of
strong gravity, and play the role that EM waves did to test the Rutherford model. In
parallel, novel techniques such as radio and deep infrared interferometry [8, 9] are now
providing direct images of the center of ours and others galaxies, where a dark, massive
and compact object is lurking [10–14].
The wealth of data from GW and EM observations has the potential to inform us on
the following outstanding issues:
1.2 Problems on the horizon
Classically, spacetime singularities seem to be always cloaked by horizons and hence inac-
cessible to distant observers; this is in essence the content of the weak cosmic censorship
conjecture [15,16]. However, there is as yet no proof that the field equations always evolve
regular initial data towards regular final states.
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Classically, the BH exterior is pathology-free, but the interior is not. The Kerr family of
BHs harbors singularities and closed timelike curves in its interior, and more generically it
features a Cauchy horizon signaling the breakdown of predictability of the theory [17–20].
The geometry describing the interior of an astrophysical spinning BH is currently unknown.
A resolution of this problem most likely requires accounting for quantum effects. It is
conceivable that these quantum effects are of no consequence whatsoever on physics outside
the horizon. Nevertheless, it is conceivable as well that the resolution of such inconsistency
leads to new physics that resolves singularities and does away with horizons, at least in
the way we understand them currently. Such possibility is not too dissimilar from what
happened with the atomic model after the advent of quantum electrodynamics.
Black holes have a tremendously large entropy, which is hard to explain from micro-
scopic states of the progenitor star. Classical results regarding for example the area (and
therefore entropy) increase [21] and the number of microstates can be tested using GW
measurements [22,23], but assume classical matter. Indeed, semi-classical quantum effects
around BHs are far from being under control. Quantum field theory on BH backgrounds
leads to loss of unitarity, a self-consistency requirement that any predictive theory ought
to fulfill. The resolution of such conundrum may involve non-local effects changing the
near-horizon structure, or doing away with horizons completely [24–38].
As a matter of fact, there is no tested nor fully satisfactory theory of quantum gravity,
in much the same way that one did not have a quantum theory of point charges at the
beginning of the 20th century.
GR is a purely classical theory. One expects quantum physics to become important
beyond some energy scale. It is tacitly assumed that such “quantum gravity effects”
are relevant only near the Planck scale: at lengths `P ∼
√
G~/c3 ∼ 10−35 meters, the
Schwarzschild radius is of the order of the Compton wavelength of the BH and the notion
of a classical system is lost. However, it has been argued that, in the orders of magni-
tude standing between the Planck scale and those accessible by current experiments, new
physics can hide. To give but one example, if gravity is fundamentally a higher-dimensional
interaction, then the fundamental Planck length can be substantially larger [39, 40]. In
addition, some physics related to compact objects have a logarithmic dependence on the
(reasonably-defined) Planck length [41] (as also discussed below). Curiously, some at-
tempts to quantize the area of BHs predict sizable effects even at a classical level, resulting
in precisely the same phenomenology as that discussed in the rest of this review [42–46].
Thus, quantum-gravity effects may be within reach.
1.3 Quantifying the evidence for black holes
Horizons are not only a rather generic prediction of GR, but their existence is in fact
necessary for the consistency of the theory at the classical level. This is the root of
Penrose’s (weak) Cosmic Censorship Conjecture [15, 16], which remains one of the most
urgent open problems in fundamental physics. In this sense, the statement that there is a
horizon in any spacetime harboring a singularity in its interior is such a remarkable claim,
that (in an informal description of Hume’s statement above) it requires similar remarkable
evidence.
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It is in the nature of science that paradigms have to be constantly questioned and
subjected to experimental and observational scrutiny. Most specially because if the answer
turns out to be that BHs do not exist, the consequences are so extreme and profound, that
it is worth all the possible burden of actually testing it. As we will argue, the question is not
just whether the strong-field gravity region near compact objects is consistent with the BH
geometry of GR, but rather to quantify the limits of observations in testing event horizons.
This approach is common practice in other contexts. Decades of efforts in testing the pillars
of GR resulted in formalisms (such as the parametrized post-Newtonian approach [47])
which quantify the constraints of putative deviations from GR. For example, we know
that the weak equivalence principle is valid to at least within one part in 1015 [48]. On
the other hand, no such solid framework is currently available to quantify deviations from
the standard BH paradigm. In fact, as we advocate in this work, the question to be asked
is not whether there is a horizon in the spacetime, but how close to it do experiments
or observations go. It is important to highlight that some of the most important tests
of theories or paradigms – and GR and its BH solutions are no exception – arise from
entertaining the existence of alternatives. It is by allowing a large space of solutions
that one can begin to exclude – with observational and experimental data – some of the
alternatives, thereby producing a stronger paradigm.
1.4 The dark matter connection
Known physics all but exclude BH alternatives as explanations for the dark, massive and
compact objects out there. Nonetheless, the Standard Model of fundamental interactions
is not sufficient to describe the cosmos – at least on the largest scales. The nature of dark
matter (DM) is one of the longest-standing puzzles in physics [49, 50]. Given that the
evidence for DM is – so far – purely gravitational, further clues may well be hidden in
strong-gravity regions or GW signals generated by dynamical compact objects.
As an example, new fundamental fields (such as axions, axion-like particles, etc [51,
52]), either minimally or non-minimally coupled to gravity, are essential for cosmological
models, and are able to explain all known observations concerning DM. Even the simplest
possible theory of minimally coupled, massive scalar fields give rise to self-gravitating
compact objects, which are dark if their interaction with Standard Model particles is weak.
These are called boson stars or oscillatons, depending on whether the field if complex
or real, respectively. Such dark objects have a maximum mass1 which is regulated by
the mass of the fundamental boson itself and by possible self-interaction terms; they
form naturally through gravitational collapse and may cluster around an ultracompact
configuration through “gravitational cooling” [53–56].
Furthermore, DM could be composed of entirely different fields or particles, and many
of these are expect to lead to new classes of dark compact objects [57–59].
1A crucial property of BHs in GR is that – owing to the scale-free nature of vacuum Einstein’s equation –
their mass is a free parameter. This is why the same Kerr metric can describe any type of BH in the
universe, from stellar-mass (or even possibly primordial) to supermassive. It is extremely challenging to
reproduce this property with a material body, since matter fields introduce a scale.
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1.5 Taxonomy of compact objects: a lesson from particle physics
From a phenomenological standpoint, BHs and neutron stars could be just two “species”
of a larger family of astrophysical compact objects, which might co-exist with BHs rather
than replacing them. These objects are theoretically predicted in extended theories of
gravity but also in other scenarios in the context of GR, such as beyond-the-Standard-
Model fundamental fields minimally coupled to gravity, or of exotic states of matter.
In this context, it is tempting to draw another parallel with particle physics. After
the Thomson discovery of the electron in 1897, the zoo of elementary particles remained
almost unpopulated for decades: the proton was discovered only in the 1920s, the neutron
and the positron only in 1932, few years before the muon (1936). Larger and more sensitive
particle accelerators had been instrumental to discover dozens of new species of elementary
particles during the second half of the XXth century, and nowadays the Standard Model
of particle physics accounts for hundreds of particles, either elementary or composite.
Compared to the timeline of particle physics, the discovery of BHs, neutron stars, and
binary thereof is much more recent; it is therefore natural to expect that the latest advance
in GW astronomy and very long baseline interferometry can unveil new species in the zoo of
astrophysical compact objects. Of course, this requires an understanding of the properties
of new families of hypothetical compact objects and of their signatures.
1.6 The small -limit
In addition to the above phenomenological motivations, dark compact objects are also
interesting from a mathematical point of view. For instance, given the unique properties of
a BH, it is interesting to study how a dark compact object approaches the “BH limit” (if the
latter exists!) as its compactness increases. Continuity arguments would suggest that any
deviation from a BH should vanish in this limit, but this might occur in a highly nontrivial
way, as we shall discuss. The first issue in this context is how to parametrize “how close” a
self-gravitating object is to a BH in a rigorous way, by introducing a “closeness” parameter
, such that  → 0 corresponds to the BH limit. As we shall discuss, there are several
choices for , for example the tidal deformability, the inverse of the maximum redshift in
the spacetime, or a quantity related to the compactness M/R such as  = 1 − 2M/R,
where M is the object mass in the static case and R is its radius.
In the context of DM self-gravitating objects  is expected to be of order unity. How-
ever, when quantifying the evidence for horizons or in the context of quantum corrected
spacetimes, one is usually interested in the  1 limit. The physics of such hypothetical
objects is interesting on its own: these objects are by construction regular everywhere and
causality arguments imply that all known BH physics must be recovered in the  → 0
limit. Thus, the small -limit may prove useful in the understanding of BH themselves,
or to help cast a new light in old murky aspects of objects with a teleological nature.
Moreover, as we will see, such limit is amenable to many analytical simplifications and
describes reasonably well even finite  spacetimes. In this regard, the  → 0 limit can
be compared to large spacetime-dimensionality limit in Einstein field equations [60], or
even the large N limit in QCD [61]. Here, we will focus exclusively on four-dimensional
spacetimes.
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2 Structure of stationary compact objects
“Mumbo Jumbo is a noun and is the name of a grotesque idol said to have
been worshipped by some tribes. In its figurative sense, Mumbo Jumbo is an
object of senseless veneration or a meaningless ritual.”
Concise Oxford English Dictionary
The precise understanding of the nature of dark, massive and compact objects can
follow different routes,
i. a pragmatic approach of testing the spacetime close to compact, dark objects, ir-
respective of their nature, by devising model-independent observations that yield
unambiguous answers; this often requires consistency checks and null-hypothesis
tests of the Kerr metric.
ii. a less ambitious and more theoretically-driven approach, which starts by constructing
objects that are very compact, yet horizonless, within some framework. It proceeds
to study their formation mechanisms and stability properties, and then discarding
solutions which either do not form or are unstable on short timescales; finally, un-
derstand the observational imprints of the remaining objects, and how they differ
from BHs.
In practice, when dealing with outstanding problems where our ignorance is extreme,
pursuing both approaches simultaneously is preferable. Indeed, using concrete models
can sometimes be a useful guide to learn about broad, model-independent signatures. As
it will become clear, one can design exotic horizonless models which mimic all observa-
tional properties of a BH with arbitrary accuracy. While the statement “BHs exist in
our Universe” is fundamentally unfalsifiable, alternatives can be ruled out with a single
observation, just like Popper’s black swans [62].
Henceforth we shall refer to horizonless compact objects other than a neutron star as
Exotic Compact Objects (ECOs). The aim of this section is to contrast the properties of
BHs with those of ECOs and to find a classification for different models.
2.1 Anatomy of compact objects
For simplicity, let us start with a four-dimensional spherically symmetric object and as-
sume that it exterior is described by vacuum GR. Static, spherically symmetric spacetimes
are described (in standard coordinates with r being the areal radius) by the line element
ds2 = −f(r)dt2 + g(r)−1dr2 + r2dΩ2 . (1)
with dΩ2 = dθ2 + sin2 θdφ2. Birkhoff’s theorem guarantees that any vacuum, spherically-
symmetric spacetime (in particular, the exterior an isolated compact, spherically-symmetric
9
Stable light ring
Unstable light ring
Innermost stable 
circular orbit
Figure 1: An equatorial slice of a very compact object, together with the most significant
(from a geodesic perspective) locations. At large distances away from the central region,
physics is nearly Newtonian: planets – such as the small dot on the figure – can orbit
on stable orbits. The external gray area is the entire region where stable circular motion
is possible. At the innermost stable circular orbit (r = 6M), timelike circular motion is
marginally stable, and unstable as one moves further within. High-frequency EM waves or
GWs can be on circular orbit in one very special location: the light ring (r = 3M). Such
motion is unstable, and can also be associated with the “ringdown” excited during mergers.
For horizonless objects, as one approaches the geometric center another significant region
may appear: a second, stable light ring. Once rotation is turned on, regions of negative
energy (“ergoregions”) are possible. The astrophysical properties of a dark compact object
depends on where in this diagram its surface is located.
object) is described by the Schwarzschild geometry, for which
f(r) = g(r) = 1− 2M
r
, (2)
and M is the total mass of the spacetime (we use geometrical G = c = 1 units, except if
otherwise stated).
2.1.1 Event horizons, trapped surfaces, apparent horizons
A BH owns its name [63] to the fact that nothing – not even light – can escape from
the region enclosed by its horizon. Since the latter is the real defining quantity of a BH,
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it is important to define it rigorously. In fact, there are several inequivalent concepts of
horizon [64,65]. In asymptotically-flat spacetime, a BH is the set of events from which no
future-pointing null geodesic can reach future null infinity. The event horizon is the (null)
boundary of this region. The event horizon is a global property of an entire spacetime: on
a given spacelike slice, the event horizon cannot be computed without knowing the entire
future of the slice. Strictly speaking, an event horizon does not “form” at a certain time,
but it is a nonlocal property; as such, it is of limited practical use in dynamical situations.
On the other hand, in a 3 + 1 splitting of spacetime, a trapped surface is defined
as a smooth closed 2-surface on the slice whose future-pointing outgoing null geodesics
have negative expansion [64, 66, 67]. Roughly speaking, on a trapped surface light rays
are all directed inside the trapped surface at that given time. The trapped region is the
union of all trapped surfaces, and the outer boundary of the trapped region is called the
apparent horizon. At variance with the event horizon, the apparent horizon is defined
locally in time, but it is a property that depends on the choice of the slice. Under certain
hypothesis – including the assumption that matter fields satisfy the energy conditions –
the existence of a trapped surface (and hence of an apparent horizon) implies that the
corresponding slice contains a BH [64]. The converse is instead not true: an arbitrary
(spacelike) slice of a BH spacetime might not contain any apparent horizon. If an apparent
horizon exists, it is necessarily contained within an event horizon, or it coincides with it.
In a stationary spacetime, the event and apparent horizons always coincide at a classical
level (see Refs. [68–70] for possible quantum effects).
In practice, we will be dealing mostly with quasi-stationary solutions, when the dis-
tinction between event and apparent horizon is negligible. For the sake of brevity, we
shall often refer simply to a “horizon”, having in mind the apparent horizon of a quasi-
stationary solution. Notwithstanding, there is no direct observable associated to the hori-
zon [41,71,72]. There are signatures which can be directly associated to timelike surfaces,
and whose presence would signal new physics. The absence of such signatures strengthens
and quantifies the BH paradigm.
2.1.2 Quantifying the shades of dark objects: the closeness parameter 
“Alas, I abhor informality.”
That Mitchell and Webb Look, Episode 2
Since we will mostly be discussing objects which look like BHs on many scales, it
is useful to introduce a “closeness” parameter  that indicates how close one is to a BH
spacetime. There is an infinity of possible choices for such parameter (and in fact, different
choices have been made in the literature, e.g., Refs. [32,73]). At least in the case of spherical
symmetric, Birkhoff’s theorem provides a natural choice for the closeness parameter: if
the object has a surface at r0, then  is defined as
r0 = 2M(1 + ) . (3)
We are thus guaranteed that when  → 0, a BH spacetime is recovered. For spherical
objects the above definition is coordinate-independent (2pir0 is the proper equatorial cir-
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cumference of the object). Furthermore, one can also define the proper distance between
the surface and r0,
∫ r0
2M drf
−1/2 ∼ 4M√, which is directly related to . Some of the
observables discussed below show a dependence on log , making the distinction between
radial and proper distance irrelevant.
We should highlight that this choice of closeness parameter is made for convenience.
None of the final results depend on such an arbitrary choice. In fact, there are objects
– such as boson stars – without a well defined surface, since the matter fields are smooth
everywhere. In such case r0 can be taken to be an effective radius beyond which the
density drops sharply to zero. In some cases it is possible that the effective radius depends
on the type of perturbations or on its frequency. It sometimes proves more useful, and
of direct significance, to use instead the coordinate time τ (measurable by our detectors)
that a radial-directed light signal takes to travel from the light ring to the surface of the
object. For spherically symmetric spacetimes, there is a one-to-one correspondence with
the  parameter, τ = M(1− 2− log(42)) ∼ −2M log , where the last step is valid when
→ 0. In the rest, when convenient, we shall refer to this time scale rather than to r0.
Overall, we shall use the magnitude of  to classify different models of dark objects.
A neutron star has  ∼ O(1) and models with such value of the closeness parameter (e.g.,
boson stars, stars made of DM, see below) are expected to have dynamical properties which
resemble those of a stellar object rather than a BH. For example, they are characterized
by observables that display O(1) corrections relative to the BH case and are therefore
easier to distinguish. On the other hand, to test the BH paradigm in an agnostic way,
or for testing the effects of quantum gravity, one often has in mind   1. For instance,
in certain models r0 − 2M = 2M or the proper distance ∼ M
√
 are of the order of
the Planck length `P ; in such case  ∼ 10−40 or even smaller. These models are more
challenging to rule out.
Finally, in dynamical situations  might be effectively time dependent. Even when
 ∼ `P /M at equilibrium, off-equilibrium configurations might have significantly large 
(see, e.g., Refs. [74–77]).
2.1.3 Quantifying the softness of dark objects: the curvature parameter
In addition the closeness parameter , another important property of a dark object is its
curvature scale. The horizon introduces a cut-off which limits the curvature that can be
probed by an external observer. For a BH the largest curvature (as measured by the
Kretschmann scalar K) occurs at the horizon and reads
K1/2 ∼ 1
M2
≈ 4.6× 10−13
(
10M
M
)2
cm−2 . (4)
For astrophysical BHs the curvature at the horizon is always rather small, and it might be
large only if sub-M primordial BHs exist in the universe. As a reference, the curvature
at the center of an ordinary neutron star is K1/2 ∼ 10−14 cm−2.
By comparison with the BH case, one can introduce two classes of models [78]: (i) “soft”
ECOs, for which the maximum curvature is comparable to that at the horizon of the
corresponding BH; and (ii) “hard” ECOs, for which the curvature is much larger. In the
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first class, the near-surface geometry smoothly approaches that at the horizon in the BH
limit (hence their “softness”), whereas in the second class the ECO can support large
curvatures on its surface without collapsing, presumably because the underlying theory
involves a new length scale, L, such that L  M . In these models high-energy effects
drastically modify the near-surface geometry (hence their “hardness”). An example are
certain classes of wormholes (see Section 3).
An interesting question is whether the maximum curvature Kmax depends on . Indeed,
an ECO with a surface just above the BH limit (→ 0) may always require large internal
stresses in order to prevent its collapse, so that the curvature in the interior is very large,
even if the exterior is exactly the Schwarzschild geometry. In other words, an ECO can be
soft in the exterior but hard in the interior. Examples of this case are thin-shell gravastars
and strongly anisotropic stars (see Section 3). Thus, according to this classification all
ECOs might be “hard” in the → 0 limit. Likewise, the exterior of hard ECOs might be
described by soft ECO solutions far from the surface, where the curvature is perturbatively
close to that of a BH.
2.1.4 Geodesic motion and associated scales
The most salient geodesic features of a compact object are depicted in Fig. 1, representing
the equatorial slice of a spherically-symmetric spacetime.
The geodesic motion of timelike or null particles in the geometry (1) can be described
with the help of two conserved quantities, the specific energy E = f t˙ and angular mo-
mentum L = r2ϕ˙, where a dot stands for a derivative with respect to proper time [79].
The radial motion can be computed via a normalization condition,
r˙2 = g
(
E2
f
− L
2
r2
− δ1
)
≡ E2 − Vgeo , (5)
where δ1 = 1, 0 for timelike or null geodesics, respectively. The null limit can be ap-
proached letting E,L→∞ and rescaling all quantities appropriately. Circular trajectories
are stable only when r ≥ 6M , and unstable for smaller radii. The r = 6M surface defines
the innermost stable circular orbit (ISCO), and has an important role in controlling the
inner part of the accretion flow onto compact objects. It corresponds to the orbital dis-
tance at which a geometrically thin accretion disk is typically truncated [80] and it sets the
highest characteristic frequency for compact emission region (“hotspots”) orbiting around
accreting compact objects [81, 82]. Another truly relativistic feature is the existence of
circular null geodesics, i.e., of circular motion for high-frequency EM waves or GWs. In
the Schwarzschild geometry, a circular null geodesic is possible only at r = 3M [79]. This
location defines a surface called the photon sphere, or, on an equatorial slice, a light ring.
The photon sphere has a number of interesting properties, and is useful to understand
certain features of compact spacetimes.
For example, assume that an experimenter far away throws (high-frequency) photons
in all directions and somewhere a compact object is sitting, as in Fig. 2. Photons that
have a very large impact parameter (or large angular momentum), never get close to the
object. Photons with a smaller impact parameter start feeling the gravitational pull of
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Figure 2: A source (for example, a star) emits photons in all directions in a region of space-
time where a compact object exists (black circle). Photons with high impact parameter
are weakly bent (dashed, black curve), while those with small impact parameter (short-
dashed blue) are absorbed and hit the object. The separatrix corresponds to photons
that travel an infinite amount of time around the light ring (solid red curve) before being
scattered or absorbed. Such critical photons have an impact parameter b = 3
√
3M [79].
The gray shaded area is the photon sphere.
the object and may be slightly deflected, as the ray in the figure. Below a critical impact
parameter all photons “hit” the compact object. It is a curious mathematical property
that the critical impact parameter corresponds to photons that circle the light ring an
infinite number of orbits, before being either absorbed or scattered. Thus, the light ring
is fundamental for the description of how compact objects and BHs “look” like when
illuminated by accretion disks or stars, thus defining their so-called shadow, see Sec. 2.2
below.
The photon sphere also has a bearing on the spacetime response to any type of high-
frequency waves, and therefore describes how high-frequency GWs linger close to the
horizon. At the photon sphere, V ′′geo = −2E2/(3M2) < 0. Thus, circular null geodesics
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are unstable: a displacement δ of null particles grows exponentially [83,84]
δ(t) ∼ δ0eλt , λ =
√
−f2V ′′r
2E2
=
1
3
√
3M
. (6)
A geodesic description anticipates that light or GWs may persist at or close to the pho-
ton sphere on timescales 3
√
3M ∼ 5M . Because the geodesic calculation is local, these
conclusions hold irrespectively of the spacetime being vacuum all the way to the horizon
or not.
For any regular body, the metric functions f, g are well behaved at the center, never
change sign and asymptote to unity at large distances. Thus, the effective potential Vgeo is
negative at large distances, vanishes with zero derivative at the light ring, and is positive
close to the center of the object. This implies that there must be a second light ring in the
spacetime, and that it is stable [85–87]. Inside this region, there is stable timelike circular
motion everywhere2.
2.1.5 Photon spheres
An ultracompact object with surface at r0 = 2M(1 + ), with   1, features exactly
the same geodesics and properties close to its photon sphere as BHs. From Eq. (6), we
immediately realize that after a (say) three e-fold timescale, t ∼ 15M , the amplitude of
the original signal is only 5% of its original value. On these timescales one can say that
the signal died away. If on such timescales the ingoing part of the signal did not have
time to bounce off the surface of the object and return to the light ring, then for an
external observer the relaxation is identical to that of a BH. This amounts to requiring
that τ ≡ ∫ 3M2M(1+) & 15M , or
 . crit ∼ 0.019 . (7)
Thus, the horizon plays no special role in the response of high frequency waves, nor could
it: it takes an infinite (coordinate) time for a light ray to reach the horizon. The above
threshold on  is a natural sifter between two classes of compact, dark objects. For objects
characterized by  & 0.019, light or GWs can make the roundtrip from the photon sphere
to the object’s surface and back, before dissipation of the photon sphere modes occurs.
For objects satisfying (7), the waves trapped at the photon sphere relax away by the time
that the waves from the surface hit it back.
We can thus use the properties of the ISCO and photon sphere to distinguish between
different classes of models:
• Compact object : if it features an ISCO, or in other words if its surface satisfies
r0 < 6M ( < 2). Accretion disks around compact objects of the same mass should
have similar characteristics;
• Ultracompact object (UCO) [88] : a compact object that features a photon sphere,
r0 < 3M ( < 1/2). For these objects, the phenomenology related to the photon
sphere might be very similar to that of a BH;
2Incidentally, this also means that the circular timelike geodesic at 6M is not really the “innermost
stable circular orbit”. We use this description to keep up with the tradition in BH physics.
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• Clean-photon sphere object (ClePhO): an ultracompact object which satisfies condi-
tion (7) and therefore has a “clean” photon sphere, r0 < 2.038M ( . 0.019). The
early-time dynamics of ClePhOs is expected to be the same as that of BHs. At late
times, ClePhOs should display unique signatures of their surface.
An ECO can belong to any of the above categories. There are indications that the
photon sphere is a fragile concept and that it suffers radical changes in the presence of
small environmental disturbances [89]. The impact of such result on the dynamics on
compact objects is unknown.
2.2 Escape trajectories and shadows
robs, ψesc
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Figure 3: Left: Critical escape trajectories of radiation in the Schwarzschild geometry. A
locally static observer (located at r = robs) emits photons isotropically, but those emitted
within the colored conical sectors will not reach infinity. The gray shaded area is the
photon sphere. Right: Coordinate roundtrip time of photons as a function of the emission
angle ψ > ψesc and for  1.
An isolated BH would appear truly as a “hole” in the sky, since we observe objects
by receiving the light they either emit or reflect. The boundary of this hole, i.e. the
“silhouette” of a BH, is called the shadow and is actually larger than the BH horizon and
intimately related with the existence of a photon sphere.
Indeed, according to Eq. (5), there exists a critical value of the angular momentum
L ≡ KME for a light ray to be able to escape to infinity. By requiring that a light
ray emitted at a given point will not find turning points in its motion, Eq. (5) yields
Kesc = 3
√
3 [79]. This corresponds to the dimensionless critical impact parameter of a
photon at very large distances. Suppose now that the light ray is emitted by a locally
static observer at r = r0. In the local rest frame, the velocity components of the photon
are [90]
vlocalϕ =
MK
r0
√
f0 , v
local
r =
√
1−K2M2 f0
r20
, (8)
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where f0 ≡ f(r0) = 1 − 2M/r0. With this, one can easily compute the escape angle,
sinψesc = 3M
√
3f0/r0. In other words, the solid angle for escape is
∆Ωesc = 2pi
(
1−
√
1− 27M
2(r0 − 2M)
r30
)
∼ 27pi
(
r0 − 2M
8M
)
, (9)
where the last step is valid for  1. For angles larger than these, the light ray falls back
and either hits the surface of the object, if there is one, or will be absorbed by the horizon.
The escape angle is depicted in Fig. 3 for different emission points r0. The rays that are
not able to escape reach a maximum coordinate distance,
rmax ∼ 2M
(
1 +
4f0M
2
r20 sin
2 ψ
)
. (10)
This result is accurate away from ψesc, whereas for ψ → ψesc the photon approaches the
photon sphere (r = 3M). The coordinate time that it takes for photons that travel initially
outward, but eventually turn back and hit the surface of the object, is shown in Fig. 3 as
a function of the locally measured angle ψ, and is of order ∼M for most of the angles ψ,
for   1. A closed form expression away from ψcrit, which describes well the full range
(see Fig. 3) reads
troundtrip ∼ 8M log(cot (ψ/2)) . (11)
When averaging over ψ, the coordinate roundtrip time is then 32M Cat/pi ≈ 9.33M , for
any   1, where “Cat” is Catalan’s constant. Remarkably, this result is independent of
 in the → 0 limit.
In other words, part of the light coming from behind a UCO is “trapped” by the photon
sphere. If the central object is a good absorber and illuminated with a source far away
from it, an observer staring at the object sees a “hole” in the sky with radius r0 = 3
√
3M ,
which corresponds to the critical impact parameter Kesc. On the other hand, radiation
emitted near the surface of the object (as for example due to an accretion flow) can escape
to infinity, with an escape angle that vanishes as ∆Ωesc ∼  in the → 0 limit. This simple
discussion anticipates that the shadow of a non-accreting UCO can be very similar to that
of a BH, and that the accretion flow from ECOs with → 0 can also mimic that from an
accreting BH [91].
2.3 The role of the spin
While the overall picture drawn in the previous sections is valid also for rotating objects,
angular momentum introduces qualitatively new features. Spin breaks spherical symmetry,
introduces frame dragging, and breaks the degeneracy between co- and counter-rotating
orbits. We focus here on two properties related to the spin which are important for
the phenomenology of ECOs, namely the existence of an ergoregion and the multipolar
structure of compact spinning bodies.
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2.3.1 Ergoregion
An infinite-redshift surface outside a horizon is called an ergosurface and is the boundary
of the so-called ergoregion. In a stationary spacetime, this boundary is defined by the roots
of gtt = 0. Since the Killing vector ξ
µ = (1, 0, 0, 0) becomes spacelike in the ergoregion,
ξµξµgµν = gtt > 0, the ergosurface is also the static limit: an observer within the ergoregion
cannot stay still with respect to distant stars; the observer is forced to co-rotate with the
spacetime due to strong frame-dragging effects. Owing to this property, negative-energy
(i.e., bound) states are possible within the ergoregion. This is the chief property that allows
for energy and angular momentum extraction from a BH through various mechanisms, e.g.
the Penrose’s process, superradiant scattering, the Blandford-Znajek mechanism, etc. [92].
An ergoregion necessarily exists in the spacetime of a stationary and axisymmetric BH
and the ergosurface must lay outside the horizon or coincide with it [92]. On the other
hand, a spacetime with an ergoregion but without an event horizon is linearly unstable
(see Sec. 4.3).
2.3.2 Multipolar structure
As a by-product of the BH uniqueness and no-hair theorems [64, 93] (see also [5, 94, 95]),
the multipole moments of any stationary BH in isolation can be written as [96],
MBH` + iSBH` = M `+1 (iχ)` , (12)
where M` (S`) are the Geroch-Hansen mass (current) multipole moments [96, 97], the
suffix “BH” refers to the Kerr metric, and
χ ≡ S1M20
(13)
is the dimensionless spin. Equation (12) implies that MBH` (SBH` ) vanish when ` is odd
(even), and that all moments with ` ≥ 2 can be written only in terms of the massM0 ≡M
and angular momentum S1 ≡ J (or, equivalently, χ) of the BH. Therefore, any independent
measurement of three multipole moments (e.g. the mass, the spin and the mass quadrupole
M2) provides a null-hypothesis test of the Kerr metric and, in turn, it might serve as a
genuine strong-gravity confirmation of GR [50,98–103].
The vacuum region outside a spinning object is not generically described by the Kerr
geometry, due to the absence of an analog to Birkhoff’s theorem in axisymmetry (for
no-hair results around horizonless objects see Ref. [78, 104, 105]). Thus, the multipole
moments of an axisymmetric ECO will generically satisfy relations of the form
MECO` = MBH` + δM` , (14)
SECO` = SBH` + δS` , (15)
where δM` and δS` are model-dependent corrections, whose precise value can be obtained
by matching the metric describing the interior of the object to that of the exterior.
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For models of ECOs whose exterior is perturbatively close to Kerr, it has been con-
jectured that in the  → 0 limit, the deviations from the Kerr multipole moments (with
` ≥ 2) vanish as [78]
δM`
M `+1
→ a` χ
`
log 
+ b` + ... , (16)
δS`
M `+1
→ c` χ
`
log 
+ d` + ... , (17)
or faster, where a`, b`, c`, and d` are model-dependent numbers which satisfy certain
selection and Z2 rules [78]. The coefficients a` and c` are related to the spin-induced con-
tributions to the multipole moments and are typically of order unity or smaller, whereas
the coefficients b` and d` are related to the nonspin-induced contributions. It is worth
mentioning that, in all ECO models known so far, b` = d` = 0. For example, for ultra-
compact gravastars b` = d` = 0 for any `, a` = 0 (c` = 0) for odd (even) values of `, and
the first nonvanishing terms are a2 = −8/45 [106] and c3 = −92/315 [107].
In other words, the deviations of the multipole moments from their corresponding Kerr
value must die sufficiently fast as the compactness of the object approaches that of a BH,
or otherwise the curvature at the surface will grow and the perturbative regime breaks
down [78]. The precise way in which the multipoles die depends on whether they are
induced by spin or by other moments.
Note that the scaling rules (16) and (17) imply that in this case a quadrupole moment
measurement will always be dominated by the spin-induced contribution, unless
χ
√

∣∣∣∣ b2a2 log 
∣∣∣∣ . (18)
For all models known so far, b` = 0 so obviously only the spin-induced contribution is
important. Even more in general, assuming b2/a2 ∼ O(1), the above upper bound is
unrealistically small when → 0, e.g. χ 10−19 when  ≈ 10−40. This will always be the
case, unless some fine-tuning of the model-dependent coefficients occurs.
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3 ECO taxonomy: from DM to quantum gravity
A nonexhaustive summary of possible self-gravitating compact objects is shown in Table 1.
Different objects arise in different contexts. We refer the reader to specific works (e.g.,
Ref. [108]) for a more comprehensive review of the models.
Model Formation Stability EM signatures GWs
Fluid stars X X X X
[90] [85, 88,109–113] [85, 109,112,114]
Anisotropic stars 7 X X X
[115–117] [118–120] [115,119,120]
Boson stars & X X X X
oscillatons [53,54,121–123] [86,124–128] [91,129,130] [131–138]
Gravastars 7 X X ∼
[127,139] [140–142] [112,113,135,136,138,142–148]
AdS bubbles 7 X ∼ 7
[149] [149]
Wormholes 7 X X ∼
[150–153] [154–157] [136,138,148]
Fuzzballs 7 7 7 ∼
(but see [158–161]) (but see [135,148,162])
Superspinars 7 X 7 ∼
[163,164] (but see [165]) [135,148]
2− 2 holes 7 7 7 ∼
(but see [166]) (but see [166]) [135,148]
Collapsed 7 X 7 ∼
polymers (but see [167,168]) [169] [168]
Quantum bounces / 7 7 7 ∼
Dark stars (but see [170,171]) [172]
Compact quantum 7 7 7 X
objects∗ [73, 173,174] [38]
Firewalls∗ 7 7 7 ∼
[135,175]
Table 1: Catalogue of some proposed horizonless compact objects. AX tick means that the
topic was addressed. With the exception of boson stars, however, most of the properties
are not fully understood yet. The symbol ∼ stands for incomplete treatment. An asterisk
∗ stands for the fact that these objects are BHs, but could have phenomenology similar to
the other compact objects in the list.
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3.1 A compass to navigate the ECO atlas: Buchdahl’s theorem
Within GR, Buchdahl’s theorem states that, under certain assumptions, the maximum
compactness of a self-gravitating object is M/r0 = 4/9 (i.e.,  ≥ 1/8) [176]. This result
prevents the existence of ECOs with compactness arbitrarily close to that of a BH. A
theorem is only as good as its assumptions; one might “turn it around” and look at the
assumptions of Buchdahl’s theorem to find possible ways to evade it3. More precisely,
Buchdahl’s theorem assumes that [177]:
1. GR is the correct theory of gravity;
2. The solution is spherically symmetric;
3. Matter is described by a single, perfect fluid;
4. The fluid is either isotropic or mildly anisotropic, in the sense that the tangential
pressure is smaller than the radial one, Pr & Pt;
5. The radial pressure and energy density are non-negative, Pr ≥ 0, ρ ≥ 0.
6. The energy density decreases as one moves outwards, ρ′(r) < 0.
Giving up each of these assumptions (or combinations thereof) provides a way to circum-
vent the theorem and suggests a route to classify ECOs based on which of the underlying
assumptions of Buchdahl’s theorem they violate (see Fig. 4).
3.2 Self-gravitating fundamental fields
One of the earliest and simplest known examples of a self-gravitating compact configura-
tion is that of a (possibly complex) minimally-coupled massive scalar field Φ, described
by the action
S =
∫
d4x
√−g
(
R
16pi
− gµνΦ¯,µΦ,ν −
µ2SΦ¯Φ
2
)
. (19)
The mass mS of the scalar is related to the mass parameter as mS = ~µS , and the theory
is controlled by the dimensionless coupling
G
c~
MµS = 7.5 · 109
(
M
M
)(
mSc
2
eV
)
, (20)
where M is the total mass of the bosonic configuration.
Self-gravitating solutions for the theory above are broadly referred to as boson stars,
and can be generalized through the inclusion of nonlinear self-interactions [121, 128, 178–
182] (see Refs. [54, 86, 183, 184] for reviews). If the scalar is complex, there are static,
spherically-symmetric geometries, while the field itself oscillates [178,179] (for reviews, see
Refs. [54, 86, 183, 184]). Analogous solutions for complex massive vector fields were also
3A similar approach is pursued to classify possible extensions of GR [101].
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Figure 4: Buchdahl’s theorem deconstructed.
shown to exist [128]. Recently, multi-oscillating boson stars which are not exactly static
spacetimes were constructed, and these could represent intermediate states between static
boson stars which underwent violent dynamical processes [185]. On the other hand, real
scalars give rise to long-term stable oscillating geometries, but with a non-trivial time-
dependent stress-energy tensor, called oscillatons [121]. Both solutions arise naturally as
the end-state of gravitational collapse [121, 122, 186], and both structures share similar
features.
Static boson stars form a one-parameter family of solutions governed by the value
of the bosonic field at the center of the star. The mass M displays a maximum above
which the configuration is unstable against radial perturbations, just like ordinary stars.
The maximum mass and compactness of a boson star depend strongly on the boson self-
interactions. As a rule of thumb, the stronger the self-interaction the higher the maximum
compactness and mass of a stable boson stars [54,184] (see Table 2).
The simplest boson stars are moderately compact in the nonspinning case [86,128,189].
Their mass-radius relation is shown in Fig. 5. Once spin [189] or nonlinear interactions [86,
187,188] are added, boson star spacetimes can have light rings and ergoregions. The stress-
energy tensor of a self-interacting bosonic field contains anisotropies, which in principle
allow to evade naturally Buchdahl’s theorem. However, there are no boson-star solutions
which evade the Buchdahl’s bound: in the static case, the most compact configuration has
22
Model
Potential
V (|Φ|2)
Maximum mass
Mmax/M
Minimal [178,179] µ2|Φ|2 8
(
10−11eV
mS
)
Massive [187] µ2|Φ|2 + α
4
|Φ|4 5√α~
(
0.1 GeV
mS
)2
Solitonic [188] µ2|Φ|2
[
1− 2|Φ|2
σ20
]2
5
[
10−12
σ0
]2 (
500 GeV
mS
)
Table 2: Scalar potential and maximum mass for some scalar boson-star models. In our
units, the scalar field Φ is dimensionless and the potential V has dimensions of an inverse
length squared. The bare mass of the scalar field is mS := µ~. For minimal boson stars,
the scaling of the maximum mass is exact. For massive boson stars and solitonic boson
stars, the scaling of the maximum mass is approximate and holds only when α µ2 and
when σ0  1, respectively. Adapted from Ref. [136].
r0 ≈ 2.869M ( ≈ 0.44) [132].
There seem to be no studies on the classification of such configurations (there are
solutions known to display photon spheres, but it is unknown whether they can be as
compact as ClePhOs) [132,189].
Because of their simplicity and fundamental character, boson stars are interesting on
their own. A considerable interest in their properties arose with the understanding that
light scalars are predicted to occur in different scenarios, and ultralight scalars can explain
the DM puzzle [190]. Indeed, dilute bosonic configurations provide an alternative model
for DM halos.
3.3 Perfect fluids
The construction of boson stars is largely facilitated by their statistics, which allow for
a large number of bosons to occupy the same level. Due to Pauli’s exclusion principle, a
similar construction for fermions is therefore more challenging, and approximate strate-
gies have been devised [90, 179]. In most applications, such fundamental description is
substituted by an effective equation of state, usually of polytropic type, which renders the
corresponding Einstein equations much easier to solve [90].
When the stresses are assumed to be isotropic, static spheres in GR made of ordinary
fluid satisfy the Buchdahl limit on their compactness, 2M/r0 < 8/9 [176]; strictly speaking,
they would not qualify as a ClePhO. However, GWs couple very weakly to ordinary matter
and can travel unimpeded right down to the center of stars. Close to the Buchdahl limit,
the travel time is extremely large, τ ∼ −1/2M , and in practice such objects would behave
as ClePhOs [194]. In addition, polytrope stars with a light ring (sometimes referred to
as ultra-compact stars) always have superluminal sound speed [110]. Neutron stars – the
only object in our list for which there is overwhelming evidence – are not expected to
have light rings nor behave as ClePhOs for currently accepted equations of state [88]. The
mass-radius relation for a standard neutron star is shown in Fig. 5.
Some fermion stars, such as neutron stars, live in DM-rich environments. Thus, DM
can be captured by the star due to gravitational deflection and a non-vanishing cross-
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Figure 5: Left: Comparison between the total mass of a boson star (complex scalar or
vector fields) and an oscillaton (real scalar or vector fields), as a function of their radius
R. R is defined as the radius containing 98% of the total mass. The procedure to find the
diagram is outlined in the main text. From Ref. [123]. Right: Mass-radius diagram for
nonspinning fluid stars in GR. The red dashed (blue dotted) lines are ordinary NSs (quark
stars) for several representative equations of state [191, 192] (data taken from [193]); the
black continuous lines are strongly-anisotropic stars [115]. Note that only the latter have
photon spheres in their exterior and violate Buchdahl’s bound.
section for collision with the star material [195–197,197,198]. The DM material eventually
thermalizes with the star, producing a composite compact object. Compact solutions
made of both a perfect fluid and a massive complex [199–204] or real scalar or vector
field [55,123] were built, and model the effect of bosonic DM accretion by compact stars.
Complementary to these studies, accretion of fermionic DM has also been considered,
by modeling the DM core with a perfect fluid and constructing a physically motivated
equation of state [205–207]. The compactness of such stars is similar to that of the host
neutron stars, and does not seem to exceed the Buchdahl limit.
3.4 Anisotropic stars
The Buchdahl limit can be circumvented when the object is subjected to large anisotropic
stresses [208]. These might arise in a variety of contexts: at high densities [209–211], when
EM or fermionic fields play a role, or in pion condensed phase configurations in neutron
stars [212], superfluidity [213], solid cores [209], etc. In fact, anisotropy is common and even
a simple soap bubble support anisotropic stresses [214]. Anisotropic stars were studied in
GR, mostly at the level of static spherically symmetric solutions [116–119, 208, 215–223].
These studies are not covariant, which precludes a full stability analysis or nonlinear
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evolution of such spacetimes. Progress on this front has been achieved recently [115, 224,
225].
The compactness of very anisotropic stars may be arbitrarily close to that of a BH;
compact configurations can exceed the Buchdahl limit, and some can be classified as
ClePhOs. In some of these models, compact stars exist across a wide range of masses,
evading one of the outstanding issues with BH mimickers, i.e. that most approach the BH
compactness in a very limited range of masses, thus being unable to describe both stellar-
mass and supermassive BH candidates across several orders of magnitude in mass [115].
Such property of BHs in GR, visible in Fig. 5, is a consequence of the scale-free character
of the vacuum field equations. It is extremely challenging to reproduce once a scale is
present, as expected for material bodies. Fig. 5 summarizes the mass-radius relation for
fluid stars.
3.5 Quasiblack holes
An interesting class of families of BH-mimickers, the quasiblack holes, consist on extremal
(charged and/or spinning) regular spacetimes. These objects can be thought of as stars,
on the verge of becoming BHs [226,227].
3.6 Wormholes
Boson and fermion stars discussed above arise from a simple theory, with relatively simple
equations of motion, and have clear dynamics. Their formation mechanism is embodied
in the field equations and requires no special initial data. On the other hand, the objects
listed below are, for the most part, generic constructions with a well-defined theoretical
motivation, but for which the formation mechanisms are not well understood.
Wormholes were originally introduced by Einstein and Rosen, as an attempt to de-
scribe particles [228]. They were (much) later popularized as a useful tool to teach GR, its
mathematical formalism and underlying geometric description of the universe [229–231].
Wormholes connect different regions of spacetime. Within GR they are not vacuum space-
times and require matter. The realization that wormholes can be stabilized and con-
structed with possibly reasonable matter has attracted a considerable attention on these
objects [230–232].
Different wormhole spacetimes can have very different properties. Since we are in-
terested in understanding spacetimes that mimic BHs, consider the following two simple
examples of a non-spinning geometries [148,230,233]. In the first example, we simply take
the Schwarzschild geometry describing a mass M down to a “throat” radius r0 > 2M . At
r0, we “glue” such spacetime to another copy of Schwarzschild. In Schwarzschild coordi-
nates, the two metrics are identical and described by
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2 . (21)
Because Schwarzschild’s coordinates do not extend to r < 2M , we use the tortoise coor-
dinate dr/dr∗ = ± (1− 2M/r), to describe the full spacetime, where the upper and lower
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Figure 6: Embedding-like diagram of a wormhole connecting two different asymptotically-
flat universes. The black solid line denotes the wormhole’s throat. There are two light
rings in the spacetime, one for which universe.
sign refer to the two different universes connected at the throat. Without loss of generality
we assume r∗(r0) = 0, so that one domain is r∗ > 0 whereas the other domain is r∗ < 0.
The surgery at the throat requires a thin shell of matter with surface density and surface
pressure [234]
σ = − 1
2pir0
√
1− 2M/r0 , p = 1
4pir0
(1−M/r0)√
1− 2M/r0
, (22)
Although the spacetime is everywhere vacuum (except at the throat) the junction condi-
tions force the pressure to be large when the throat is close to the Schwarzschild radius.
A similar example, this time of a non-vacuum spacetime, is the following geometry [233]
ds2 = −
(
1− 2M
r
+ λ2
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2 . (23)
The constant λ is assumed to be extremely small, for example λ ∼ e−M2/`2P where `P is the
Planck length. There is no event horizon at r = 2M , such location is now the spacetime
throat. Note that, even though such spacetime was constructed to be arbitrarily close
to the Schwarzschild spacetime, the throat at r = 2M is a region of large (negative)
curvature, for which the Ricci and Kretschmann invariant are, respectively,
R = − 1
8λ2M2
, RabcdR
abcd =
1 + 24λ4
64λ4M4
. (24)
Thus, such invariants diverge at the throat in the small λ-limit. A more general discussion
on several wormholes models is presented in Ref. [227].
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The above constructions show that wormholes can be constructed to have any arbitrary
mass and compactness. The procedure is oblivious to the formation mechanism, it is
unclear if these objects can form without carefully tuned initial conditions, nor if they
are stable. Wormholes in more generic gravity theories have been constructed, some of
which can potentially be traversable [235–239]. In such theories, energy conditions might
be satisfied [240]. Generically however, wormholes are linearly unstable [150–153].
3.7 Dark stars
Quantum field theory around BHs or around dynamic horizonless objects gives rise to
phenomena such as particle creation. Hawking evaporation of astrophysical BHs, and
corresponding back-reaction on the geometry is negligible [241]. Quantum effects on col-
lapsing horizonless geometries (and the possibility of halting collapse to BHs altogether)
are less clear [242–248]. There are arguments that semiclassical effects might suffice to halt
collapse and to produce dark stars, even for macroscopic configurations [31,249–254], but
see Ref. [244] for counter-arguments. For certain conformal fields, it was shown that a pos-
sible end-state are precisely wormholes of the form (23). Alternative proposals, made to
solve the information paradox, argue that dark stars could indeed arise, but as a “massive
remnant” end state of BH evaporation [24,35].
3.8 Gravastars
Similar ideas that led to the proposal of “dark stars” were also in the genesis of a slightly
different object, “gravitational-vacuum stars” or gravastars [25, 255]. These are config-
urations supported by a negative pressure, which might arise as an hydrodynamical de-
scription of one-loop QFT effects in curved spacetime, so they do not necessarily require
exotic new physics [256]. In these models, the Buchdahl limit is evaded both because the
internal effective fluid is anisotropic [257] and because the pressure is negative (and thus
violates some of the energy conditions [258]). Gravastars have been recently generalized
to include anti-de Sitter cores, in what was termed AdS bubbles, and which may allow
for holographic descriptions [149, 259]. Gravastars are a very broad class of objects, and
can have arbitrary compactness, depending on how one models the supporting pressure.
The original gravastar model was a five-layer construction, with an interior de Sitter core,
a thin shell connecting it to a perfect-fluid region, and another thin-shell connecting it
to the external Schwarzschild patch. A simpler construction that features all the main
ingredients of the original gravastar proposal is the thin-shell gravastar [139], in which a
de Sitter core is connected to a Schwarzschild exterior through a thin shell of perfect-fluid
matter. Gravastars can also be obtained as the BH-limit of constant-density stars, past
the Buchdahl limit [258, 260]. It is interesting that such stars were found to be dynam-
ically stable in this regime [260]. It has been conjectured that gravastars are a natural
outcome of the inflationary universe [261], or arising naturally within the gauge-gravity
duality [149,259].
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3.9 Fuzzballs and collapsed polymers
So far, quantum effects were dealt with at a semi-classical level only. A proper theory of
quantum gravity needs to be able to solve some of the inherent problems in BH physics,
such as the lack of unitarity in BH evaporation or the origin and nature of the huge
Bekenstein-Hawking entropy S = kBc
3A/(4~G) (kB is Boltzmann’s constant and A is the
BH area). In other words, what is the statistical-mechanical account of BH entropy in
terms of some microscopic degrees of freedom? String theory is able to provide a partial
answer to some of these questions. In particular, for certain (nearly) supersymmetric
BHs, the Bekenstein-Hawking entropy, as computed in the strongly-coupled supergravity
description, can be reproduced in a weakly-coupled D-brane description as the degeneracy
of the relevant microstates [262–266].
Somewhat surprisingly, the geometric description of individual microstates seems to be
regular and horizonless [26,266–269]. This led to the “fuzzball” description of classical BH
geometries, where a BH is dual to an ensemble of such microstates. In this picture, the BH
geometry emerges in a coarse-grained description which “averages” over the large number
of coherent superposition of microstates, producing an effective horizon at a radius where
the individual microstates start to “differ appreciably” from one another [270,271]. In this
description, quantum gravity effects are not confined close to the BH singularity, rather
the entire interior of the BH is “filled” by fluctuating geometries – hence this picture is
often referred to as the “fuzzball” description of BHs.
Unfortunately, the construction of microstates corresponding to a fixed set of global
charges has only been achieved in very special circumstances, either in higher-dimensional
or in non asymptotically-flat spacetimes. Explicit regular, horizonless microstate geome-
tries for asymptotically flat, four-dimensional spacetimes that could describe astrophysical
bodies have not been constructed. Partly because of this, the properties of the geome-
tries are generically unknown. These include the “softness” of the underlying microstates
when interacting with GWs or light; the curvature radius or redshift of these geometries in
their interior; the relevant lengthscale that indicates how far away from the Schwarzschild
radius is the fuzziness relevant, etc.
A similar motivation led to the proposal of a very different BH interior in Refs. [75,167];
the interior is described by an effective equation of state corresponding to a gas of highly
excited strings close to the Hagedorn temperature. The behavior of such gas is similar to
some polymers, and this was termed the “collapsed polymer” model for BH interiors. In
both proposals, large macroscopic BHs are described by objects with a regular interior,
and the classical horizon is absent. In these models, our parameter  is naturally of the
order ∼ O(`P /M) ∈ (10−39, 10−46) for masses in the range M ∈ (10, 108)M.
3.10 “Naked singularities” and superspinars
Classical GR seems to be protected by Cosmic Censorship, in that evolutions leading to
spacetime singularities also produce horizons cloaking them. Nevertheless, there is no
generic proof that cosmic censorship is valid, and it is conceivable that it is a fragile, once
extensions of GR are allowed. A particular impact of such violations was discussed in the
context of the Kerr geometry describing spinning BHs. In GR, the angular momentum
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J of BHs is bounded from above by J ≤ GM2/c. In string theory however, such “Kerr
bound” does not seem to play any fundamental role and could conceivably receive large
corrections. It is thus possible that there are astrophysical objects where it is violated.
Such objects were termed superspinars [272], but it is part of a larger class of objects
which would arise if singularities (in the classical theory of GR) would be visible. The full
spacetime description of superspinars and other such similar objects is lacking: to avoid
singularities and closed-timelike curves unknown quantum effects need to be invoked to
create an effective surface somewhere in the spacetime. There are indications that strong
GW bursts are an imprint of such objects [273], but a complete theory is necessary to
understand any possible signature.
3.11 2− 2 holes and other geons
As we remarked already, the questioning of the BH paradigm in GR comes hand in hand
with the search for an improved theory of the gravitational interaction, and of possible
quantum effects. A natural correction to GR would take the form of higher-curvature terms
in the Lagrangian L = R+ c1R2 + c2RabcdRabcd + ... with couplings cj suppressed by some
scale [274–276]. The study of (shell-like) matter configurations in such theories revealed the
existence novel horizonless configurations, termed “2-2-holes”, which closely matches the
exterior Schwarzschild solution down to about a Planck proper length of the Schwarzschild
radius of the object [166, 277]. In terms of the parameter  introduced above, the theory
predicts objects where  ∼ (`P /M)2 ∈ (10−78, 10−92) [166,277]. The existence and stability
of proper star-like configurations was not studied. More generic theories result in a richer
range of solutions, many of which are solitonic in nature and can be ultracompact (see e.g.
Refs. [278–282]. Recently, a quantum mechanical framework to describe astrophysical,
horizonless objects devoid of curvature singularities was put forward in the context of
nonlocal gravity (arising from infinite derivative gravity) [246,283,284]. The corresponding
stars can be ultracompact, although never reaching the ClePhO category.
3.12 Firewalls, compact quantum objects and dirty BHs
Many of the existing proposals to solve or circumvent the breakdown of unitarity in BH
evaporation involve changes in the BH structure, without doing away with the horizon.
Some of the changes could involve “soft” modifications of the near-horizon region, such that
the object still looks like a regular GR BH [33,38,285]. However, the changes could also be
drastic and involve “hard” structures localized close to the horizon such as firewalls and
other compact quantum objects [34, 38, 286]. Alternatively, a classical BH with modified
dispersion relations for the graviton could effectively appear as having a hard surface [287,
288]. A BH surrounded by some hard structure – of quantum origin such as firewalls, or
classical matter piled up close to the horizon – behaves for many purposes as a compact
horizonless object.
The zoo of compact objects is summarized in Fig. 7. In all these cases, both quantum-
gravity or microscopic corrections at the horizon scale select ClePhOs as well-motivated
alternatives to BHs. Despite a number of supporting arguments – some of which urgent
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and well founded – it is important to highlight that there is no horizonless ClePhO for
which we know sufficiently well the physics at the moment.
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Figure 7: Schematic representation of ECO models in a compactness-curvature diagram.
The horizontal axis shows the compactness parameter  associated to the object, which can
be also mapped (in a model-dependent way) to a characteristic light-crossing timescale.
The vertical axis shows the maximum curvature (as measured by the Kretschmann scalar
K) of the object normalized by the corresponding quantity for a BH with the same mass
M . All known ECO models with  → 0 have large curvature in their interior, i.e. the
leftmost bottom part of the diagram is conjectured to be empty. Angular momentum
tends to decrease  and to increase Kmax.
30
4 Dynamics of compact objects
“There is a crack in everything. That’s how the light gets in.”
Leonard Cohen, Anthem (1992)
EM observations of compact bodies are typically performed in a context where space-
time fluctuations are irrelevant, either due to the long timescales involved or because the
environment has a negligible backreaction on the body itself. For example, EM observa-
tions of accretion disks around a compact object can be interpreted using a stationary
background geometry. Such geometry is a solution to the field equations describing the
compact body while neglecting the accretion disk, the dynamics of which is governed by
the gravitational pull of the central object and by internal forces. This approximation is
adequate since the total amount of energy density around compact objects is but a small
fraction of the object itself, and the induced changes in the geometry can be neglected [175].
In addition, the wavelength of EM waves of interest for Earth-based detectors is always
much smaller that any lengthscale related to coherent motion of compact objects: light
can be treated as a null particle following geodesics on a stationary background. Thus,
the results of the previous sections suffice to discuss EM observations of compact objects,
as done in Sec. 5 below.
For GW astronomy, however, it is the spacetime fluctuations themselves that are rele-
vant. A stationary geometry approximation would miss GW emission entirely. In addition,
GWs generated by the coherent motion of sources have a wavelength of the order of the
size of the system. Therefore, the geodesic approximation becomes inadequate (although
it can still be used as a guide). Compact binaries are the preferred sources for GW detec-
tors. Their GW signal is naturally divided in three stages, corresponding to the different
cycles in the evolution driven by GW emission [289–291]: the inspiral stage, corresponding
to large separations and well approximated by post-Newtonian theory; the merger phase
when the two objects coalesce and which can only be described accurately through nu-
merical simulations; and finally, the ringdown phase when the merger end-product relaxes
to a stationary, equilibrium solution of the field equations [291–293]. All three stages
provide independent, unique tests of gravity and of compact GW sources. Overall, GWs
are almost by definition attached to highly dynamical spacetimes, such as the coalescence
and merger of compact objects. We turn now to that problem.
4.1 Quasinormal modes
Consider first an isolated compact object described by a stationary spacetime. Again,
we start with the spherically-symmetric case and for simplicity. Birkhoff’s theorem then
implies that the exterior geometry is Schwarzschild. Focus on a small disturbance to such
static spacetime, which could describe a small moving mass (a planet, a star, etc), or the
late-stage in the life of a coalescing binary (in which case the disturbed “isolated compact
object” is to be understood as the final state of the coalescence).
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In the linearized regime, the geometry can be written as gµν = g
(0)
µν +hµν , where g
(0)
µν is
the geometry corresponding to the stationary object, and hµν are the small deviations in-
duced on it by whatever is causing the dynamics. The metric fluctuations can be combined
in a single master function Ψ which in vacuum is governed by a master partial differential
equation of the form [292,294]
∂2Ψ(t, z)
∂z2
− ∂
2Ψ(t, z)
∂t2
− V (r)Ψ(t, z) = S(t, z) . (25)
where z is a suitable coordinate. The source term S(t, z) contains information about the
cause of the disturbance Ψ(t, z). The information about the angular dependence of the
wave is encoded in the way the separation was achieved, and involves an expansion in
tensor harmonics. One can generalize this procedure and consider also scalar or vector
(i.e., EM) waves. These can also be reduced to a master function of the type (25), and
separation is achieved with spin-s harmonics for different spins s of field. These angular
functions are labeled by an integer l ≥ |s|. For a Schwarzschild spacetime, the effective
potential is
V = f
(
l(l + 1)
r2
+ (1− s2)2M
r3
)
, (26)
with s = 0,±1,±2 for scalar, vector or (axial) tensor modes. The s = ±2 equation does
not describe completely all of the gravitational degrees of freedom. There is an another
(polar) gravitational mode (in GR, there are two polarizations for GWs), also described
by Eq. (25) with a slightly more complicated potential [109, 292, 295]. Note that such
results apply only when there are no further degrees of freedom that couple to the GR
modes [296–300].
The solutions to Eq. (25) depend on the source term and initial conditions, just like
for any other physical system. We can gain some insight on the general properties of
the system by studying the source-free equation in Fourier space. This corresponds to
studying the “free” compact object when the driving force died off. As such, it gives us
information on the late-time behavior of any compact object. By defining the Fourier
transform through Ψ(t, r) = 1√
2pi
∫
e−iωtψ(ω, r)dω, one gets the following ODE
d2ψ
dz2
+
(
ω2 − V )ψ = 0 . (27)
For a Schwarzschild spacetime, the “tortoise” coordinate z is related to the original r by
dr/dz = f , i.e.
z = r + 2M log
( r
2M
− 1
)
, (28)
such that z(r) diverges logarithmically near the horizon. In terms of z, Eq. (27) is equiva-
lent to the time-independent Schro¨dinger equation in one dimension and it reduces to the
wave equation governing a string when M = l = 0. For a string of length L with fixed
ends, one imposes Dirichlet boundary conditions and gets an eigenvalue problem for ω.
The boundary conditions can only be satisfied for a discrete set of normal frequencies,
ω = npi/L (n = 1, 2, ...). The corresponding wavefunctions are called normal modes and
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form a basis onto which one can expand any configuration of the system. The frequency
is purely real because the associated problem is conservative.
If one is dealing with a BH spacetime, the appropriate conditions (required by causal-
ity) correspond to having waves traveling outward to spatial infinity (Ψ ∼ eiω(z−t) as
z →∞) and inwards to the horizon (Ψ ∼ e−iω(z+t) as z → −∞) [see Fig. 8]. The effective
potential displays a maximum approximately at the photon sphere, r ≈ 3M , the exact
value depending on the type of perturbation and on the value of l (r→3M in the l → ∞
limit). Due to backscattering off the effective potential (26), the eigenvalues ω are not
known in closed form, but they can be computed numerically [109, 292, 295]. The funda-
mental l = 2 mode (the lowest dynamical multipole in GR) of gravitational perturbations
reads [301]
MωBH ≡M(ωR + iωI) ≈ 0.373672− i0.0889623 . (29)
Remarkably, the entire spectrum is the same for both the axial or the polar gravitational
sector; this property is ofter referred to as isospectrality [295]. The frequencies are complex
and are therefore called quasinormal mode (QNM) frequencies. Their imaginary compo-
nent describes the decay in time of fluctuations on a timescale τ ≡ 1/|ωI |, and hints at the
stability of the geometry. Unlike the case of a string with fixed end, we are now dealing
with an open system: waves can travel to infinity or down the horizon and therefore it
is physically sensible that any fluctuation damps down. The corresponding modes are
QNMs, which in general do not form a complete set [109].
Boundary conditions play a crucial role in the structure of the QNM spectrum. If a
reflective surface is placed at r0 = 2M(1 + ) & 2M , where (say) Dirichlet or Neumann
boundary conditions have to be imposed, the spectrum changes considerably. The QNMs
in the → 0, low-frequency limit read [302–304]
MωR ' −Mpi
2|z0|
(
q +
s(s+ 1)
2
)
∼ | log |−1 , (30)
MωI ' −βls M|z0|(2MωR)
2l+2 ∼ −| log |−(2l+3) , (31)
where z0 ≡ z(r0) ∼ 2M log , q is a positive odd (even) integer for polar (axial) modes (or
equivalently for Dirichlet (Neumann) boundary conditions), and βls =
[
(l−s)!(l+s)!
(2l)!(2l+1)!!
]2
[92,
304, 305]. Note that the two gravitational sectors are no longer isospectral. More impor-
tantly, the perturbations have smaller frequency and are much longer lived, since a decay
channel (the horizon) has disappeared. For example, for  = 10−6 we find numerically the
fundamental scalar modes
Mωpolar ≈ 0.13377− i 2.8385× 10−7 , (32)
Mωaxial ≈ 0.13109− i 2.3758× 10−7 . (33)
These QNMs were computed by solving the exact linearized equations numerically but
agree well with Eqs. (30) and (31).
The above scaling with  can be understood in terms of modes trapped between the
peak of the potential (26) at r ∼ 3M and the “hard surface” at r = r0 [112,135,148,304,
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Figure 8: Typical effective potential for perturbations of a Schwarzschild BH (top panel)
and of an horizonless compact object (bottom panel). The effective potential is peaked at
approximately the photon sphere, r ≈ 3M . For BHs, QNMs are waves which are outgoing
at infinity (z → +∞) and ingoing at the horizon (z → −∞), whereas the presence of a
potential well (provided either by a partly reflective surface, a centrifugal barrier at the
center, or by the geometry) supports quasi-trapped, long-lived modes.
306] [see Fig. 8]. Low-frequency waves are almost trapped by the potential, so their wave-
length scales as the size of the cavity (in tortoise coordinates), ωR ∼ 1/z0, just like the nor-
mal modes of a string. The (small) imaginary part is given by waves which tunnel through
the potential and reach infinity. The tunneling probability can be computed analytically
in the small-frequency regime and scales as |A|2 ∼ (MωR)2l+2  1 [305]. After a time t, a
wave trapped inside a box of size z0 is reflected N = t/z0 times, and its amplitude reduces
to A(t) = A0
(
1− |A|2)N ∼ A0 (1− t|A|2/z0). Since, A(t) ∼ A0e−|ωI |t ∼ A0(1− |ωI |t) in
this limit, we immediately obtain
ωR ∼ 1/z0 , ωI ∼ |A|2/z0 ∼ ω2l+3R . (34)
This scaling agrees with exact numerical results and is valid for any l and any type of
perturbation.
The reverse-engineering of the process, i.e., a reconstruction of the scattering poten-
tial V from a mode measurement was proposed in Ref. [113, 307, 308]. The impact of
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measurement error on such reconstruction is yet to be assessed.
Clearly, a perfectly reflecting surface is an idealization. In certain models, only low-
frequency waves are reflected, whereas higher-frequency waves probe the internal structure
of the specific object [43, 309]. In general, the location of the effective surface and its
properties (e.g., its reflectivity) can depend on the energy scale of the process under
consideration. Partial absorption is particularly important in the case of spinning objects,
as discussed in Sec. 4.3.
4.2 Gravitational-wave echoes
4.2.1 Quasinormal modes, photon spheres, and echoes
The effective potential V for wave propagation reduces to that for geodesic motion (Vgeo)
in the high-frequency, high-angular momentum (i.e., eikonal) regime. Thus, some prop-
erties of geodesic motion have a wave counterpart [83, 84]. The instability of light rays
along the null circular geodesic translates into some properties of waves around objects
compact enough to feature a photon sphere. A wave description needs to satisfy “quan-
tization conditions”, which can be worked out in a WKB approximation. Since GWs are
quadrupolar in nature, the lowest mode of vibration should satisfy
MωgeoR = 2
ϕ˙
t˙
=
2
3
√
3
∼ 0.3849 . (35)
In addition the mode is damped, as we showed, on timescales 3
√
3M . Overall then, the
geodesic analysis predicts
Mωgeo ∼ 0.3849− i 0.19245 . (36)
This crude estimate, valid in principle only for high-frequency waves, matches well even
the fundamental mode of a Schwarzschild BH, Eq. (29).
Nevertheless, QNM frequencies can be defined for any dissipative system, not only
for compact objects or BHs. Thus, the association with photon spheres has limits, for
instance it neglects possible coupling terms [296], nonminimal kinetic terms [310], etc.
Such an analogy is nonetheless enlightening in the context of objects so compact that they
have photon spheres and resemble Schwarzschild deep into the geometry, in a way that
condition (7) is satisfied [135,148,311,312].
For a BH, the excitation of the spacetime modes happens at the photon sphere [83,313,
314]. Such waves travel outwards to possible observers or down the event horizon. The
structure of GW signals at late times is therefore expected to be relatively simple. This
is shown in Fig. 9, for the scattering of a Gaussian pulse of axial quadrupolar modes off
a BH. The pulse crosses the photon sphere, and excites its modes. The ringdown signal,
a fraction of which travels to outside observers, is to a very good level described by the
lowest QNMs. The other fraction of the signal generated at the photon sphere travels
downwards and into the horizon. It dies off and has no effect on observables at large
distances.
Contrast the previous description with the dynamical response of ultracompact objects
for which condition (7) is satisfied (i.e., a ClePhO) [cf. Fig. 9]. The initial description of
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the photon sphere modes still holds, by causality. Thus, up to timescales of the order
|z0| ∼ −M log  (the roundtrip time of radiation between the photon sphere and the
surface) the signal is identical to that of BHs [135,148]. At later times, however, the pulse
traveling inwards is bound to see the object and be reflected either at its surface or at its
center. In fact, this pulse is semi-trapped between the object and the light ring. Upon
each interaction with the light ring, a fraction exits to outside observers, giving rise to a
series of echoes of ever-decreasing amplitude. From Eqs. (30)–(31), repeated reflections
occur in a characteristic echo delay time [135,148,312] [see Fig. 10]
τecho ∼ 4M | log | . (37)
However, the main burst is typically generated at the photon sphere and has therefore
a frequency content of the same order as the BH QNMs (29). The initial signal is of
high frequency and a substantial component is able to cross the potential barrier. Thus,
asymptotic observers see a series of echoes whose amplitude is getting smaller and whose
frequency content is also going down. It is crucial to understand that echoes occur in a
transient regime; at very late times, the signal is dominated by the lowest-damped QNMs,
described by Eqs. (30)–(31).
We end this discussion by highlighting that GW echoes are a feature of very com-
pact ECOs, but also arise in many other contexts: classical BHs surrounded by a “hard-
structure” close to the horizon [175,286,316], or far from it [175,317,318], or embedded in
a theory that effectively makes the graviton see a hard wall there [287,288] will respond to
incoming GWs producing echoes. Finally, as we described earlier, even classical but very
compact neutron or strange quark stars may be prone to exciting echoes [114,115,194,319].
A simple picture of how echoes arise in a simple two-barrier system is provided in Ref. [320].
4.2.2 A black-hole representation and the transfer function
The QNMs of a spacetime were defined as the eigenvalues of the homogeneous ordinary
differential equation (27). Their role in the full solution to the homogeneous problem
becomes clear once we re-write Eq. (25) in Fourier space,
d2ψ
dz2
+
(
ω2 − V )ψ = S , (38)
where S is the Fourier transformed source term S. Since the potential is zero at the
boundaries, two independent homogeneous solutions are
ψ− =
{
e−iωz z → −∞
Aine
−iωz +Aouteiωz z → +∞ , (39)
and
ψ+ =
{
Bine
−iωz +Bouteiωz z → −∞
eiωz z → +∞ , (40)
Note that ψ+ was chosen to satisfy outgoing conditions at large distances; this is the
behavior we want to impose on a system which is assumed to be isolated. On the other
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Figure 9: Ringdown waveform for a BH (dashed black curve) compared to a ClePhO
(solid red curve) with a reflective surface at r0 = 2M(1 + ) with  = 10
−11. We con-
sidered l = 2 axial gravitational perturbations and a Gaussian wavepacket ψ(r, 0) = 0,
ψ˙(r, 0) = e−(z−zm)2/σ2 (with zm = 9M and σ = 6M) as initial condition. Note that
each subsequent echo has a smaller frequency content and that the damping of subsequent
echoes is much larger than the late-time QNM prediction (e−ωI t with ωIM ∼ 4 × 10−10
for these parameters). Data available online [301].
hand, ψ− satisfies the correct near-horizon boundary condition in the case of a BH. Define
reflection and transmission coefficients,
RBH = Bin
Bout
, TBH = 1
Bout
. (41)
Given the form of the ODE, the Wronskian W ≡ ψ−ψ′+ − ψ′−ψ+ is a constant (here′ ≡ d/dz), which can be evaluated at infinity to yield W = 2iωAin. The general solution
to our problem can be written as [321]
ψ = ψ+
∫ z Sψ−
W
dz + ψ−
∫ z Sψ+
W
dz +A1ψ− +A2ψ+ , (42)
where A1, A2 constants. If we impose the boundary conditions appropriate for BHs, we
find
ψBH = ψ+
∫ z
−∞
Sψ−
W
dz + ψ−
∫ ∞
z
Sψ+
W
dz . (43)
This is thus the response of a BH spacetime to some source. Notice that close to the
horizon the first term drops and ψBH(r ∼ r+) ∼ e−iωz
∫∞
z
Sψ+
W dz. For detectors located
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Figure 10: Schematic Penrose diagram of GW echoes from an ECO. Adapted from
Ref. [315] (similar versions of this plot appeared in other contexts in Refs. [302, 306]).
far away from the source, on the other hand ψBH(r →∞) ∼ eiωz
∫∞
−∞
Sψ−
W dz. It is easy to
see now that QNMs correspond to poles of the propagator [292], and hence they do indeed
have a significant contribution to the signal, both at infinity and near the horizon.
Consider now that instead of a BH, there is an ultracompact object. Such object has
a surface at r0, corresponding to large negative tortoise z0. Then, the boundary condition
(39) on the left needs to be changed to
ψECO ∼ e−iωz +Reiωz , z → z0 , (44)
where we assume the compact object surface to have a (possible frequency-dependent)
reflectivity R. We will now show that the spacetime response to an ultracompact object
can be expressed in terms of the BH response and a transfer function [306] (for a previous
attempt along these lines see Ref. [322]). First, notice that the ODE to be solved is exactly
the same, with different conditions on one of the boundaries. We can thus still pick the
two independent homogeneous solutions (39) and (40), but choose different integration
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constants in (42) so that the boundary condition is satisfied. Adding a homogeneous
solution Kψ+
∫∞
−∞
Sψ+
W dz to (43) is allowed since it still satisfies outgoing conditions at
large spatial distances. We then find at large negative z
ψECO =
(
e−iωz +K(Bine−iωz +Bouteiωz)
) ∫ ∞
z0
Sψ+
W
dz . (45)
where K is a constant. On the other hand, to obey the boundary condition (44), one must
impose ψECO = k0
(
e−iωz +Reiωz) with an unknown constant k0. Matching outgoing and
ingoing coefficients, we find
K = TBHR
1−RBHR . (46)
Thus, a detector at large distances sees now a signal
ψECO(r →∞) = ψBH(r →∞) +Ke2iωzψBH(r ∼ r+) . (47)
In other words, the signal seen by detectors is the same as the one from a BH, modified
by a piece that is controlled by the reflectivity of the compact object.
Following Ref. [306], the extra term can be expanded as a geometric series
K = TBHR
∞∑
n=1
(RBHR)n−1 . (48)
A natural interpretation emerges: a main burst of radiation is generated for example when
an object crosses the light ring (where the peak of the effective potential is located). A
fraction of this main burst is outward traveling and gives rise to the “prompt” response
ψBH(r → ∞), which is equivalent to the response of a BH. However, another fraction
is traveling inwards. The first term is the result of the primary reflection of ψBH at
z0. Note the time delay factor 2(z − z0) between the first pulse and the main burst due
the pulse’s extra round trip journey between the boundary the peak of the scattering
potential, close to the light ring at z ∼ 0. When the pulse reaches the potential barrier, it
is partially transmitted and emerges as a contribution to the signal. The successive terms
are “echoes” of this first reflection which bounces an integer number of times between
the potential barrier and the compact object surface. Thus, a mathematically elegant
formulation gives formal support to what was a physically intuitive picture.
The derivation above assumes a static ECO spacetime, and a potential which vanishes
at its surface. An extension of the procedure above to include both a more general potential
and spin is worked out in Ref. [323]. Such a “transfer-function” representation of echoes
was embedded into an effective-field-theory scheme [324], showing that linear “Robin”
boundary conditions at r = r0 dominate at low energies. In this method the (frequency
dependent) reflection coefficient and the surface location can be obtained in terms of a
single low-energy effective coupling. Recently, another model for the frequency-dependent
reflectivity of quantum BHs has been proposed in Ref. [325].
The previous description of echoes and of the full signal is reasonable and describes all
the known numerical results. At the technical level, more sophisticated tools are required
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to understand the signal: the intermediate-time response is dominated by the BH QNMs,
which are not part of the QNM spectrum of an ECO [148, 175, 326]. While this fact is
easy to understand in the time domain due to causality (in terms of time needed for
the perturbation to probe the boundaries [148]), it is not at all obvious in the frequency
domain. Indeed, the poles of the ECO Green’s functions in the complex frequency plane
are different from the BH QNMs. The late-time signal is dominated by the dominant
ECO poles, whereas the prompt ringdown is governed by the by the dominant QNMs of
the corresponding BH spacetime.
4.2.3 A Dyson-series representation
The previous analysis showed two important aspects of the late-time behavior of very
compact objects: (i) that it can be expressed in terms of the corresponding BH response if
one uses a transfer function K; (ii) that the signal after the main burst and precursor are
a sequence of echoes, trapped between the object and the (exterior) peak of the potential.
The response of any system with a non-trivial scattering potential and nontrivial
boundary conditions includes echo-like components. To see that, let’s use a very dif-
ferent approach to solve (38), namely the Lippman-Schwinger integral solution used in
quantum mechanics [327]. In this approach, the setup is that of flat spacetime, and the
scattering potential is treated as a perturbation. In particular, the field is written as
ψ = ψ0 +
∫ ∞
z0
g(z, z′)V (z′)ψ(z′) dz′ , (49)
where
g(z, z′) =
eiω|z−z′| +R eiω(z+z′)
2iω
, (50)
is the Green’s function of the free wave operator d2/dx2 + ω2 with boundary condition
(44), and ψ0 =
∫∞
z0
g(z, z′)S(z′)dz′ is the free-wave amplitude. The formal solution of
Eq. (49) is the Dyson series (sometimes also called Born or Picard series)
ψ =
∞∑
k=1
∫ ∞
z0
g(z, z1) · · · g(zk−1, zk)V (z1) · · ·V (zk−1)S(zk)dz1 · · · dzk , (51)
which effectively works as an expansion in powers of V/ω2, so we expect it to converge
rapidly for high frequencies and to be a reasonable approximation also for fundamental
modes. It is possible to reorganize (51) and express it as a series in powers of R. We start
by separating the Green’s function (50) into g = go +Rgr, with
go(z, z
′) =
eiω|z−z′|
2iω
, (52)
the open system Green’s function, and
gr(z, z
′) =
eiω(z+z
′)
2iω
, (53)
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the “reflection” Green’s function. We can then write (49) as
ψ =
∫ ∞
z0
go(z, z
′)S(z′)dz′ +R
∫ ∞
z0
gr(z, z
′)S(z′)dz′ +
∫ ∞
z0
g(z, z′)V (z′)ψ(z′)dz′ . (54)
Now, in the same way as a Dyson series is obtained, we replace the ψ(ω, x′) in the third
integral with the entirety of the rhs of Eq. (54) evaluated at x′. Collecting powers of R
yields
ψ =
∫
goS +
∫ ∫
goV goS +R
[ ∫
grS +
∫ ∫
(grV go + goV gr)S
]
+ R2
∫ ∫
grV grS +
∫ ∫
g V g V ψ . (55)
If we continue this process we end up with a geometric-like series in powers of R,
ψ = ψo +
∞∑
n=1
ψn , (56)
with each term a Dyson series itself:
ψo =
∞∑
k=1
∫ ∞
z0
go(z, z1) · · · go(zk−1, zk)V (z1) · · ·V (zk−1)S(zk)dz1 · · · dzk . (57)
The reflectivity terms can be re-arranged as:
ψn =
∞∑
k=n
Rn
n!(k − n)!
∑
σ∈Pk
∫ +∞
z0
gr(zσ(1)−1, zσ(1)) · · · gr(zσ(n)−1, zσ(n))go(zσ(n+1)−1, zσ(n+1))
· · · go(zσ(k)−1, zσ(k))× V (x1) · · ·V (zk−1)S(zk) dz1 · · · dzk , (58)
where x0 :=x, Pk is the permutation group of degree k and
1
n!(k−n)!
∑
σ∈Pk represents the
sum on all possible distinct ways of ordering n gr’s and k − n go’s, resulting in a total of|Pk|
n!(k−n)! =
(
k
n
)
terms [327].
Although complex-looking, Eq. (58) has a special significance, giving the amplitude of
the (Fourier-transformed) n-th echo of the initial burst [327]. When R = 0 then ψ = ψo,
the open system waveform. There are no echoes as expected. When R 6= 0 there are
additional (infinite) Dyson-series terms. The series is expected to converge, (i.e., the
contribution of ψn becomes smaller for large n), because of two features of Eq. (58): first,
if |R| < 1, Rn contributes to damp the contribution of large-n terms. Moreover, the Dyson
series starts at k = n. Since go and gr are of the same order of magnitude, it is natural
to expect that the series starting ahead (with less terms) has a smaller magnitude and
contributes less to ψ than the ones preceding them. This can be verified numerically.
Finally, an important outcome of this analysis is that echoes that arise later have a
smaller frequency component than the first ones: the Dyson series is basically an expansion
on powers of V/ω2; thus by starting at k = n, ψn skips the high frequency contribution
to the series until that term. This is easily explained on physical grounds: high frequency
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components “leak” easily from the cavity (the cavity being formed by the ultracompact
object and the potential barrier). Lower frequency components are harder to tunnel out.
Thus, at late times only low frequencies are present.
Recently, this approach was extended to ECOs modeled with a multiple-barrier filter
near the surface, showing that the late-time ringdown exhibits mixing of echoes [328].
4.2.4 Echo modeling
The GW signal composed of echoes is a transient signal, which captures the transition
between the photosphere ringdown. GW echoes are not well described by the QNMs of the
ECO, which dominate the response only at very late times. Thus, a proper understanding
of the signal in the “echoing stage” requires the full understanding of the theory and
ensuing dynamics of the object. Unfortunately, as we discussed, there is a plethora of
proposed candidate theories and objects, with unknown properties. Thus, the GW signal is
known accurately for only a handful of special setups, and under very specific assumptions
on the matter content [135,311]. For this reason the echo signal is very rich, and different
approaches have been recently developed to model it.
Templates for matched-filters. The first phenomenological time-domain echo tem-
plate was proposed in Ref. [315]. It is based on a standard GR inspiral-merger-ringdown
template M(t) and five extra free parameters,
h(t) ≡ A
∞∑
n=0
(−1)n+1ηnM(t+ tmerger − techo − n∆techo, t0) , (59)
with M(t, t0) ≡ Θ(t, t0)M(t) and where
Θ(t, t0) ≡ 1
2
{
1 + tanh
[
1
2
ω(t)(t− tmerger − t0)
]}
, (60)
is a smooth cut-off function. The parameters are the following: ∆techo = 2τecho is the time-
interval in between successive echoes, see Eq. (37) for nonspinning objects and Eq. (74)
below when rotation is included; techo is the time of arrival of the first echo, which can be
affected by nonlinear dynamics near merger and does not necessarily coincide with ∆techo;
t0 is a cutoff time which dictates the part of the GR merger template used to produce the
subsequent echoes; η ∈ [0, 1] is the (frequency-dependent) damping factor of successive
echoes; A is the overall amplitude of the echo template with respect to the main burst
at the merger (at t = tmerger). Finally, ω(t) is a phenomenological time-dependent mode
frequency that is used in standard inspiral-merger-ringdown phenomenological models [7].
For a given model, the above parameters are not necessarily independent, as discussed
below. The (−1)n+1 term in Eq. (59) is due to the phase inversion of the truncated
model in each reflection. This implies that Dirichlet boundary conditions are assumed
on the surface (or, more generally, that the reflection coefficient is real and negative, see
discussion in Ref. [329]). The phase inversion does not hold for Neumann-like boundary
conditions or for wormholes [329]. This template was used in actual searches for echoes
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in the post-merger phases of LIGO/Virgo BH events, with conflicting claims discussed in
Sec. 5.12. Extensions of the original template [315] have been developed and analyzed in
Ref. [330] and in Ref. [331].
A more phenomenological time-domain template, less anchored to the physics of echoes
was proposed in Ref. [332], using a superposition of sine-Gaussians with several free pa-
rameters. This template is very generic, but on the other hand suffers from a proliferation
of parameters, which should not be in fact independent.
Note that the above two templates were directly modelled for spinning ECOs, since
their underlying ingredients are very similar to the nonspinning case.
A frequency-domain template for nonspinning ECOs was built in Ref. [329] by approx-
imating the BH potential with a Po¨schl-Teller potential [83,333], thus finding an analytical
approximation to the transfer function defined in Eq. (48). The template construction as-
sumes that the source is localized in space, which allows to solve for the Green’s function
analytically. The final form of the ECO response in the frequency domain reads
h(ω) = hringdownBH (ω)
[
1 +R′ pi − e
2iωdΥ cosh
(
piωR
α
)
pi + e2iωdR′Υ cosh (piωRα )
]
, (61)
where d is the width of the cavity of the potential (i.e. the distance between the surface
and the potential barrier),
R′ ≡ Re2iωz0 , (62)
is the ECO reflection coefficient defined as in Refs. [306, 329] (notice the phase difference
relative to that of Eq. (44)), hringdownBH is the standard BH ringdown template, ωR is the
real part of the QNMs of the corresponding BH, α is a parameter of the Po¨schl-Teller
potential, defined by ωR =
√
V0 − α2/4, Vmax being the value of the exact potential at the
maximum, and Υ = Γ
(
1
2 − iω+ωRα
)
Γ
(
1
2 − iω−ωRα
) Γ(1+ iωα )
Γ(1− iωα )
. The above expression assumes
that the source is localized near the surface, a more general expression is provided in
Ref. [329]. Notice that the quantity R′ has a more direct physical meaning than R. For
example, Dirichlet and Neumann boundary conditions on ψ correspond to R′ = −1 and
R′ = 1, respectively (see Eq. (44).
The above template depends only on two physical inputs: the reflection coefficient R
(or R′) – which can be in general a complex function of the frequency – and the width
of the cavity d, which is directly related to the compactness of the object. For a given
model of given compactness, R(ω) and d are fixed and the mode does not contain other
free parameters. For example, the damping factor introduced in the previous template
can be written in terms of R and the reflection coefficient of the BH potential, RBH (see
Eq. (41)) as η = |RRBH| [329]. SinceRBH is frequency dependent so must be η, even in the
case of perfect reflectivity (|R| = 1). The time-domain waveform contains all the features
previously discussed for the echo signal, in particular amplitude and frequency modula-
tion and phase inversion of each echo relative to the previous one for certain boundary
conditions [329].
Note that practically all generic modeling of echoes which do not start from a first-
principles calculation of the GW signal assume equal-spacing for the echoes. This seems
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certainly a good approximation for stationary geometries, but will fail for collapsing objects
for example [76, 77]. Furthermore, if the ECO reflective properties are modeled as a
multiple-barrier filter – as in certain scenarios motivated by BH area quantization [42,45] –
mixing of echoes occurs [328].
Wavelets for burst searches. Heuristic expressions for the echoing signal are useful,
but the performance of template-based search techniques is highly dependent on the (un-
known, in general) “faithfulness” of such templates. Based on the excellent performance
of wavelet analysis for glitch signals, Ref. [334] proposed a “morphology-independent”
echo-search. The analysis is based on generalized wavelets which are “combs” of sine-
Gaussians, characterized by a time separation between the individual sine-Gaussians as
well as a fixed phase shift between them, an amplitude damping factor, and a widening
factor. Even though actual echo signals are unlikely to resemble any single generalized
wavelet and may not even have well-defined values for any of the aforementioned quan-
tities, superpositions of generalized wavelets are expected to capture a wide variety of
physical echo waveforms. The comb is composed of a number NG of sine-Gaussians,
h =
NG∑
n=0
Aηnexp
(−(t− tn)2/(w2nτ2)) cos (2pif0(t− tn) + φ0 + n∆φ) , (63)
with f0 a central frequency, τ is a damping time, ∆t the time between successive sine-
Gaussians, ∆φ is a phase difference between them, η is a damping factor between one
sine-Gaussian and the next, and w is a widening factor. Here, A is an overall amplitude,
t0 the central time of the first echo and φ0 a reference phase.
Searches with Fourier windows. A similar but independent search technique was
devised in Ref. [323], and uses the fact that echoes should pile up power at very specific
frequencies (those implied by the cavity delay time) which are nearly equally spaced (cf.
Eq. (30)) (but see [76,77]). Thus, the technique consists on producing a “combing” window
in Fourier space, able to match (maximizing over extrinsic parameters) the frequencies of
the cavity. The specific shape of the tooth-comb was found not to be determinant, as long
as it is able to capture the power in the resonant mode. An extension of this strategy is
discussed in Ref. [335].
4.2.5 Echoes: a historical perspective
There exist in the literature examples of works where the main gist of the idea behind
echoes is present, albeit only for specific examples and without the full appreciation of the
role of the light ring. Already in 1978, the study of the instability of spinning horizonless
compact objects (see Sec. 4.4.1) led to the understanding that the driving mechanism
were the recurrent reflections of quasi-bound states within the ergoregion [302]. Mutatis
mutandis, these modes produce the echoes discussed above. Indeed, a Penrose diagram
similar to that of Fig. 10 was already shown in Ref. [302] (without a discussion of the GW
emission slowly leaking from the potential barrier).
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Probably the first example of echoes dates back to 1995, with the study of axial
GWs emitted by perturbed (through Gaussian wavepackets) constant-density compact
stars [109, 336]. This was later extended in the following years to include the scattering
of point particles [114, 337–340]. In all these studies the GW signal shows a series of
clear echoes after the main burst of radiation, which were identified as the excitation of
quasi-trapped modes of ultracompact stars [341]. As we explained in Section 4.2.1, the true
trapped-mode behavior only sets in at much later times, and the correct description is that
of echoes. The original references did not attempt to explain the pattern in the signal, but
in hindsight these results fit perfectly in the description we provided above: axial modes do
not couple to the fluid (nor polar modes, which couple only very weakly [342]) and travel
free to the geometrical center of the star, which is therefore the effective surface in this
particular case. The time delay of the echoes in Fig. 1 of Ref. [114] is very well described
by the GW’s roundtrip time to the center, τecho ∼ 27pi8 −1/2M , where r0 = 94M(1 + ) is
the radius of the star [194] and r0 =
9
4M is the Buchdahl’s limit [176].
Shortly after, but in a very different context, the overall picture of echoes would emerge
in the fuzzball program. In Refs. [271,343], the authors express the reflection coefficient of
low-energy scalars as a sum over the number of bounces at the “throat” of these geometries.
The idea behind is similar to the expansion (48), and results in a series of “echoes” [343].
A quantitative calculation of the response, as well as the role of the light ring, were left
undone.
In the context of wormhole physics (particularly the geometry (23)), the main features
of the response of ClePhOs were identified in Ref. [233]. The postmerger train of echoes
of the main burst was not addressed quantitatively.
Finally, in yet a different context, Ref. [175] discussed the late-time response of “dirty”
BHs, modeling environmental effects (such as stars, gas etc) and showed that there are
“secondary pulses” of radiation in the late-time response. These secondary pulses are just
the echoes of a “mirrored” version of our original problem, where now it is the far region
responsible for extra features in the effective potential, and hence the cavity is composed
of the photosphere and the far region where matter is located.
4.3 The role of the spin
The previous sections dealt with static background spacetimes. Rotation introduces qual-
itatively new effects. For a Kerr BH, spinning with horizon angular velocity Ω along the
azimuthal angle φ, perturbations are well understood using the Newman-Penrose formal-
ism and a decomposition in so-called spin-weighted spheroidal harmonics [79, 344, 345].
It is still possible to reduce the problem to a PDE similar to Eq. (25), but the effective
potential is frequency-dependent; breaks explicitly the azimuthal symmetry, i.e. it de-
pends also on the azimuthal number m (fluctuations depend on the azimuthal angle as
∼ eimφ); is generically complex, although there exist transformations of the perturbation
variables that make it real [304, 346]; In particular, the explicit dependence on m gives
rise to a Zeeman splitting of the QNMs as functions of the spin, whereas the frequency
dependence gives rise to the interesting phenomenon of superradiance whereby modes with
frequency ω are amplified when ω(ω −mΩ) < 0. In particular, the potential is such that
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V (r →∞) = ω2, whereas V (r → r+) = k2, with k = ω −mΩ. The relation between null
geodesics and BH QNMs in the eikonal limit is more involved but conceptually similar to
the static case [347].
Further features arise if the object under consideration is not a Kerr BH. In general, the
vacuum region outside a spinning object is not described by the Kerr geometry. However,
when  → 0 any deviation from the multipolar structure of a Kerr BH must die off
sufficiently fast [78, 107] (see Sec. 2.3.2). Explicit examples are given in Refs. [106, 119,
141, 142, 222, 348]. Therefore, if one is interested in the very small  limit, one can study
a Kerr-like ECO [163, 303, 315, 322], i.e. a geometry described by the Kerr metric when
r > r0 = r+(1 + ) and with some membrane with model-dependent reflective properties
at r = r0. Beyond the  → 0 limit, ECOs may have arbitrary multipole moments and
even break equatorial symmetry [78,349]. In such cases, it may not be possible to separate
variables [107,350–352] and the results below may not hold.
4.3.1 QNMs of spinning Kerr-like ECOs
Scalar, EM and gravitational perturbations in the exterior Kerr geometry are described
in terms of Teukolsky’s master equations [344,345,353]
∆−s
d
dr
(
∆s+1
dsRlm
dr
)
+
[
K2 − 2is(r −M)K
∆
+ 4isωr − λ
]
sRlm = 0 , (64)[(
1− x2) sSlm,x],x + [(aωx)2 − 2aωsx+ s+ sAlm − (m+ sx)21− x2
]
sSlm = 0 , (65)
where a = χM , sSlm(θ)e
imφ are spin-weighted spheroidal harmonics, x ≡ cos θ, K =
(r2 + a2)ω − am, and the separation constants λ and sAlm are related by λ ≡ sAlm +
a2ω2− 2amω. When χ = 0, the angular eigenvalues are λ = (l− s)(l+ s+ 1), whereas for
χ 6= 0 they can be computed numerically or with approximated analytical expansions [354].
It is convenient to make a change of variables by introducing the function [346]
sXlm = ∆
s/2
(
r2 + a2
)1/2 [
α sRlm + β∆
s+1dsRlm
dr
]
, (66)
where α and β are certain radial functions. Introducing the tortoise coordinate r∗, defined
such that dr∗/dr = (r2 + a2)/∆, the master equation (64) becomes
d2sXlm
dr2∗
− V (r, ω) sXlm = 0 , (67)
where the effective potential is
V (r, ω) =
U∆
(r2 + a2)2
+G2 +
dG
dr∗
, (68)
and
G =
s(r −M)
r2 + a2
+
r∆
(r2 + a2)2
, (69)
U =
2α′ + (β′∆s+1)′
β∆s
− 1
∆
[
K2 − is∆′K + ∆(2isK ′ − λ)] . (70)
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The prime denotes a derivative with respect to r and the functions α and β can be chosen
such that the resulting potential is purely real (definitions of α and β can be found in
Ref. [346] and [304] for EM and gravitational perturbations respectively). It is natural to
define the generalization of Eq. (44) as [304]
XECO ∼ e−ikz +Reikz , z → z0 , (71)
where now R generically depends on the frequency and on the spin and z is the Kerr
tortoise coordinate defined by dz/dr = (r2 + a2)/∆.
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Figure 11: Frequency (top panels) and damping/growing time (bottom panels) of scalar,
EM, and gravitational QNMs of a Kerr-like ECO with a perfectly reflective surface for
either Dirichlet (left panels) or Neumann (right panels) boundary conditions. We choose
 = 10−10 [data adapted from Ref. [304]]. Modes are stable (i.e., they decay in time)
for ωR < 0, whereas they turn unstable (i.e., they grow in time) when ωR > 0. The
damping/growing time diverges for marginally stable modes, when ωR = 0. In the bottom
panels, the continuous black curve represents the characteristic echo delay time, much
shorter than the instability time scale.).
To search for the characteristic or QNMs of the system, Eq. (67) is to be solved with
boundary condition (71) at z ∼ z0 and (outgoing) X ∼ eiωz at infinity [304]. A small
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frequency approximation yields [303–305]
MωR ' mΩ− Mpi
2|z0|
(
q +
s(s+ 1)
2
)
, (72)
MωI ' − βls|z0|
(
2M2r+
r+ − r−
)
[ωR(r+ − r−)]2l+1 (ωR −mΩ) , (73)
where now z0 ∼M [1 + (1− χ2)−1/2] log . This result shows how angular momentum can
bring about substantial qualitative changes. The spacetime is unstable for ωR(ωR−mΩ) <
0 (i.e., in the superradiant regime [92,355]), on a timescale τinst ≡ 1/ωI . This phenomenon
is called ergoregion instability [92, 355–357] (see Sec. 4.4.1 below). In the → 0 limit and
for sufficiently large spin, ωR ∼ mΩ and ωI ∼ | log |−2. Note that, owing to the ωR−mΩ
term in Eq. (73), polar and axial modes are not isospectral in the spinning case, even
when  → 0: indeed, they have the same frequency but a slightly different time scale.
Numerical results, shown in Fig. 11, are in excellent agreement with the above analytical
approximations whenever ωM  1, which also implies small rotation rates [304]. For very
large spins there exists a more complex analytical approximation [358]. Note that in the
superradiant regime the “damping” factor, ωI/ωR > 0, so that, at very late times (when
the pulse frequency content is indeed described by these formulas), the amplitude of the
QNMs increases due to the instability. This effect is small – for example, ωI/ωR ≈ 4×10−6
when  = 0.001, l = 2 and χ = 0.7 – and, more importantly, it does not affect the first
several echoes, since the latter appear on a timescale much shorter than the instability
time scale (see Fig. 11).
4.3.2 Echoes from spinning ECOs
GW echoes from spinning ECOs have been investigated actively [315, 322, 323, 355, 359].
The overall picture is similar to the static case, with two notable differences. The echo
delay time (37) now reads [315]
τecho ∼ 2M [1 + (1− χ2)−1/2]| log | , (74)
in the  → 0 limit. This time scale corresponds to the period of the corotating mode,
τecho ∼ (ωR −mΩ)−1. In addition, as we discussed above the spacetime is unstable over a
time scale τ = 1/|ωI |. Such timescale is parametrically longer than τecho (see Fig. 11) and
does not affect the first N ≈ τ/τecho ∼ | log | echoes. As we explained earlier, the signal
can only be considered as a series of well-defined pulses at early stages, when the pulse still
contains a substantial amount of high-frequency components. Thus, amplification occurs
only at late times; the early-time evolution of the pulse generated at the photon sphere is
more complex.
The transfer function of Eq. (46) can be generalized to spinning “Kerr-like” ECO
subjected to boundary condition (71) near the surface. The final result reads formally
the same, although TBH and RBH are defined in terms of the amplitudes of the waves
scattered off the Kerr effective potential [323, 360]. Echoes from Kerr-like wormholes
(i.e., a spinning extension of the Damour-Solodukhin solution [233]) have been studied in
Ref. [359]. Phenomenological templates for echoes from Kerr-like objects were constructed
in Refs. [315,322,330,332] and are discussed in Sec. 4.2.4.
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4.4 The stability problem
“There is nothing stable in the world; uproar’s your only music.”
John Keats, Letter to George and Thomas Keats, Jan 13 (1818)
Appealing solutions are only realistic if they form and remain as long-term stable
solutions of the theory. In other words, solutions have to be stable when slightly perturbed
or they would not be observed (or they would not even form in the first place). There are
strong indications that the exterior Kerr spacetime is stable, although a rigorous proof is
still missing [361]. On the other hand, some – and possibly most of – horizonless compact
solutions are linearly or nonlinearly unstable.
Some studies of linearized fluctuations of ultracompact objects are given in Table 1.
We will not discuss specific models, but we would like to highlight some general results.
4.4.1 The ergoregion instability
Several models of UCOs and ClePhOs are stable under radial perturbations [88,139] (see
Table 1). However, UCOs (and especially ClePhOs) can develop negative-energy regions
once spinning. In such a case, they develop a linear instability under non-radial pertur-
bations, which is dubbed as ergoregion instability. Such instability affects any horizonless
geometry with an ergoregion [127,303,355–357,362,363] and is deeply connected to super-
radiance [92]. The underlying mechanism is simple: a negative-energy fluctuation in the
ergoregion is forced to travel outwards; at large distances only positive-energy states exist,
and energy conservation implies that the initial disturbance gives rise to a positive fluctu-
ation at infinity plus a larger (negative-energy) fluctuation in the ergoregion. Repetition
of the process leads to a cascading instability. The only way to prevent such cascade from
occurring is by absorbing the negative energy states, which BHs do efficiently (and hence
Kerr BHs are stable against massless fields), but perfectly-reflecting horizonless objects
must then be unstable.
This instability was discovered by Friedman for ultracompact slowly-rotating stars with
an ergoregion [364], and later extended in Refs. [362, 365, 366]. Application to Kerr-like
horizonless objects started in Ref. [302], whereas an analysis for gravastars, boson stars,
and other objects was done in Refs. [127, 158, 163, 367]. More recently, Refs. [303, 304]
gave a detailed analysis of scalar, electromagnetic, and gravitational perturbations of a
partially-reflective Kerr-like ECO in the → 0 limit.
The overall summary of these studies is that the instability time scale depends strongly
on the spin and on the compactness of the objects. The ergoregion-instability timescale
can very long [127,303,356]. For concreteness, for gravastars with  ∼ 0.1−1 the ergoregion
is absent even for moderately high spin [367]. However, at least for perfectly-reflecting
Kerr-like ECOs in the → 0 limit, the critical spin above which the object is unstable is
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very low [304] [see Eq. (73)]
χcrit ∼ pi
m| log |
(
q +
s(s+ 1)
2
)
. (75)
For example, a totally reflecting surface a Planck length outside the horizon of a 10M
ECO ( = lP /r+ ≈ 5× 10−40) will generate an ergoregion instability if χ & 0.07 for q = 1,
m = 1, and s = −2. Note that the instability time scale can be very large near the
instability threshold. From Eq. (73), we can estimate the timescale of the instability of a
spinning ClePhO,
τinst ≡ 1
ωI
∼ −| log |1 + (1− χ
2)−1/2
2βls
(
r+ − r−
r+
)
[ωR(r+ − r−)]−(2l+1)
ωR −mΩ . (76)
As previously discussed, a spinning ClePhO is (superradiantly) unstable only above a
critical value of the spin. For example, for l = m = s = 2 and χ = 0.7, the above formula
yields
τ ∈ (5, 1)
(
M
106M
)
yr when  ∈ (10−45, 10−22) . (77)
Generically, the ergoregion instability acts on timescales which are parametrically longer
than the dynamical timescale, ∼ M , of the object, but still short enough to be relevant
in astrophysical scenarios. Although the evolution of this instability remains an open
problem, it is likely that it will remove angular momentum from the object, spinning it
down until the threshold condition, χ = χcrit, is reached [368]. The phenomenological
consequences of this phenomenon will be discussed in Sec. 5.
A possible way to quench the instability is by absorbing the negative-energy modes
trapped within the ergoregion. Kerr BHs can absorb such modes efficiently and are in-
deed expected to be stable even if they have an ergoregion. Given its long timescales, it
is possible that the instability can be efficiently quenched by some dissipation mechanism
of nongravitational nature, although this effect would be model-dependent [303,304]. Un-
fortunately, the effect of viscosity in ECOs is practically unknown [85,369], and so are the
timescales involved in putative dissipation mechanisms that might quench this instability.
It is also possible that, when spinning, a partially-absorbing object can support quasi-
trapped superradiant modes with ωR < mΩ, which might lead to an instability similar to
that of massive bosonic fields around Kerr BHs [92].
Finally, there are indications that instabilities of UCOs are merely the equivalent
of Hawking radiation for these geometries, and that therefore there might be a smooth
transition in the emission properties when approaching the BH limit [159,233].
4.4.2 Nonlinear instabilities I: long-lived modes and their backreaction
Linearized gravitational fluctuations of any nonspinning UCO are extremely long-lived and
decay no faster than logarithmically [85,160,161,370]. Indeed, such perturbations can be
again understood in terms of modes quasi-trapped within the potential barrier shown in
Fig. 8: they require a photon sphere but are absent in the BH case (hence the photon sphere
is sometimes referred to as “loosely trapped” or “transversely trapping” surface [371,372]).
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For a ClePhO, these modes are very well approximated by Eqs. (30)–(31) in the static
case and by their aforementioned extension in the spinning case. The long damping time
of these modes has led to the conjecture that any UCO is nonlinearly unstable and may
evolve through a Dyson-Chandrasekhar-Fermi type of mechanism [85,370]. The endstate is
unknown, and most likely depends on the equation of the state of the particular UCO: some
objects may fragment and evolve past the UCO region into less compact configurations,
via mass ejection, whereas other UCOs may be forced into gravitational collapse to BHs.
The above mechanism is supposed to be active for any spherically symmetric UCO,
and also on spinning solutions. However, it is nonlinear in nature and not well understood
so far. For example, there are indications that a putative nonlinear instability would occur
on very long timescales only; a model problem predicts an exponential dependence on the
size of the initial perturbation [373].
4.4.3 Nonlinear instabilities II: causality, hoop conjecture, and BH formation
The teleological nature of horizons leads to possible spacelike behavior in the way they
evolve. In turn, this has led to constraints on the possible compactness of horizonless
objects. Ref. [374] finds the conceptual bound
 ≤ 4M˙ , (78)
based on a special accreting geometry (so-called Vaidya spacetime) and on the requirement
that the surface of the accreting ECO grows in a timelike or null way. The assumptions
behind such result are relatively strong: the accreting matter is a very particular null dust,
eternally accreting at a constant rate and without pressure. In addition, superluminal
motion for the ECO surface is not forbidden, and may well be a rule for such compact
geometries.
A different, but related, argument makes use of the hoop conjecture [375] (see also
Ref. [376] for similar work). In broad terms, the hoop conjecture states that if a body is
within its Schwarzschild radius, then it must be a BH [133,377]). Take two ECOs of mass
m2  m1, inspiralling to produce a single ECO. The burst of energy emitted in ringdown
modes is of order [290]
Eringdown
m1 +m2
∼ 0.44
(
m1m2
(m1 +m2)2
)2
, (79)
This estimate holds for BHs, and it seems plausible that it would approximately holds also
for ECOs. A similar amount of energy goes inwards. Then, when the small body crosses
the photon sphere of the large ECO, an amount of mass (79) is emitted inwards and is
swallowed by the large ECO increasing its mass to m1 + Eringdown. The hoop conjecture
implies that 2(m1 + Eringdown) ≤ 2m1(1 + ), or
 & 0.44m
2
2
m21
, (80)
to avoid BH formation. Thus,  of Planckian order are not allowed. There are issues with
this type of arguments: The GWs are not spherical and not localized (their wavelength
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is of the order or larger than the ECO itself), thus localizing it on a sphere of radius
2m1(1 + ) is impossible. Furthermore, the argument assumes that all energy reaching the
surface is accreted, whereas it might be efficiently absorbed by other channels.
The above argument can be made more powerful, making full use of the hoop conjec-
ture: take two ECOs and boost them to large enough energies. Since all energy gravitates
and is part of the hoop, the final object must be inside its Schwarzschild radius, hence it
must be a BH (indeed, at large enough center of mass energies, the structure of the col-
liding objects is irrelevant [133, 378, 379]). It is very challenging to bypass this argument
at the classical level. Nevertheless, it is important to highlight a few points: (i) Most of
the arguments for ECO formation (and existence) rely directly or indirectly on unknown
quantum effects associated with horizon or singularity formation [24–31,33,172]. Thus, it
is very likely that horizons may form classically but that such picture is blurred by quan-
tum effects (on unknown timescales and due to unknown dynamics)4; (ii) even classically,
the argument does not forbid the existence of ECOs, it merely forces their interaction at
high energy to result in BH formation (indeed, the same argument can be applied if the
two objects are neutron stars).
4.5 Binary systems
Consider a compact binary of masses mi (i = 1, 2), total mass m = m1 + m2, mass ratio
q = m1/m2 ≥ 1, and dimensionless spins χi. In a post-Newtonian (PN) approximation
(i.e. a weak-field/slow-velocity expansion of Einstein’s equations), dynamics is driven by
energy and angular momentum loss, and particles are endowed with a series of multipole
moments and with finite-size tidal corrections [380]. Up to 1.5PN order, the GW phase
depends only on mi and χi and is oblivious to the compactness of the binary components.
Starting from 2PN order, the nature of the inspiralling objects is encoded in:
(i) the way they respond to their own gravitational field – i.e., on their own multipolar
structure [381–383];
(ii) the way they respond when acted upon by the external gravitational field of their
companion – through their tidal Love numbers (TLNs) [384];
(iii) on the amount of radiation that they possibly absorb, i.e. on tidal heating [385,386].
These effects are all included in the waveform produced during the inspiral, and can be
incorporated in the Fourier-transformed GW signal as
h˜(f) = A(f)ei(ψPP+ψTH+ψTD) , (81)
where f and A(f) are the GW frequency and amplitude, ψPP(f) is the “pointlike”
phase [380], whereas ψTH(f), ψTD(f) are the contributions of the tidal heating and the
tidal deformability, respectively.
4In this respect, a parallel can drawn with neutron stars, which can be well described within GR by
a simple self-gravitating perfect fluid, but whose formation process is significantly more complex than
the gravitational collapse of a perfect fluid. Incidentally, such processes involve complex microphysics
and quantum effects such as those occurring in a supernova collapse. In other words, the fact that an
equilibrium solution can be well described by simple matter fields does not necessarily mean that its
formation is equally simple nor does it exclude more complex formation processes.
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4.5.1 Multipolar structure
Spin-orbit and spin-spin interactions are included in ψPP, the latter also depending on
all higher-order multipole moments. The dominant effect is that of the spin-induced
quadrupole moment, M2, which yields a 2PN contribution to the phase [381]
ψquadrupole =
75
64
(
m2M
(1)
2 +m1M
(2)
2
)
(m1m2)2
1
v
, (82)
where the expansion parameter v = (pimf)1/3 is the orbital velocity. By introducing the
dimensionless spin-induced, quadrupole moment, M¯
(i)
2 = M
(1)
2 /(χ
2
im
3
i ), it is clear that
the above correction is quadratic in the spin. For a Kerr BH, M¯
(i)
2 = −1, whereas for
an ECO there will be generic corrections that anyway are bound to vanish as  → 0 [78]
(Sec. 2.3.2).
4.5.2 Tidal heating
A spinning BH absorbs radiation of frequency ω > mΩ, but amplifies radiation of smaller
frequency [92]. In this respect, BHs are dissipative systems which behave just like a
Newtonian viscous fluid [387–389]. Dissipation gives rise to various interesting effects in a
binary system – such as tidal heating [385,386], tidal acceleration, and tidal locking, as in
the Earth-Moon system, where dissipation is provided by the friction of the oceans with
the crust.
For low-frequency circular binaries, the energy flux associated to tidal heating at the
horizon, E˙H , corresponds to the rate of change of the BH mass [390,391],
M˙ = E˙H ∝ Ω
5
K
M2
(ΩK − Ω) , (83)
where ΩK  1/M is the orbital angular velocity and the (positive) prefactor depends on
the masses and spins of the two bodies. Thus, tidal heating is stronger for highly spinning
bodies relative to the nonspinning by a factor ∼ Ω/ΩK  1.
The energy flux (83) leads to a potentially observable phase shift of GWs emitted
during the inspiral. The GW phase ψ is governed by d2ψ/df2 = 2pi(dE/df)/E˙, where
E ∼ v2 is the binding energy of the binary. To the leading order, this yields (for circular
orbits and spins aligned with the orbital angular momentum) [138]
ψBHTH = ψN
(
F (χi, q)v
5 log v +G(q)v8[1− 3 log v]) , (84)
where ψN ∼ v−5 is the leading-order contribution to the point-particle phase (correspond-
ing to the flux E˙GW), and
F (χi, q) = −
10
(
q3
(
3χ31 + χ1
)
+ 3χ32 + χ2
)
3(q + 1)3
, (85)
G(χi, q) =
10
27(q + 1)5
[
q5A1 +A2 + q
4B1 + qB2 + q
3C1 + q
2C2
]
, (86)
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with
Ai = 2
(
3χ2i + 1
) (
3− 10χ2i + 3∆i
)
, (87)
Bi = 3
(
3χ2i + 1
) (
2− 5χ2i + 2∆j − 5χiχj
)
, (88)
Ci = −20
(
3χ2i + 1
)
χiχj , (89)
∆i ≡
√
1− χ2i and j 6= i. Therefore, absorption at the horizon introduces a 2.5PN
(4PN)× log v correction to the GW phase of spinning (nonspinning) binaries, relative to
the leading term.
Thus, it might be argued that an ECO binary can be distinguished from a BH binary,
because E˙H = 0 for the former. However, the trapping of radiation in ClePhOs can
efficiently mimic the effect of a horizon [138]. In order for absorption to affect the orbital
motion, it is necessary that the time radiation takes to reach the companion, Trad, be
much longer than the radiation-reaction time scale due to heating, TRR ' E/E˙H , where
E ' −12M(MΩK)2/3 is the binding energy of the binary (assuming equal masses). For
BHs, Trad → ∞ because of time dilation, so that the condition Trad  TRR is always
satisfied. For ClePhOs, Trad is of the order of the GW echo delay time, Eq. (74), and
therefore increases logarithmically as → 0. Thus, an effective tidal heating might occur
even in the absence of a horizon if the object is sufficient compact. The critical value
of  increases strongly as a function of the spin. For orbital radii larger than the ISCO,
the condition Trad  TRR requires   10−88 for χ . 0.8, and therefore even Planck
corrections at the horizon scale are not sufficient to mimic tidal heating. This is not
necessarily true for highly spinning objects, for example Trad  TRR at the ISCO requires
 10−16 for χ ≈ 0.9.
4.5.3 Tidal deformability and Love numbers
Finally, the nature of the inspiralling objects is also encoded in the way they respond
when acted upon by the external gravitational field of their companion – through their
tidal Love numbers (TLNs) [384]. An intriguing result in classical GR is that the TLNs of
BHs are zero. This result holds: (i) in the nonspinning case for weak tidal fields [392–394]
and also for tidal fields of arbitrary amplitude [395]; (ii) in the spinning case [396–398]
for weak tidal fields, at least in the axisymmetric case to second order in the spin [397]
and generically to first order in the spin [398]. On the other hand, the TLNs of ECOs are
small but finite [38,106,136,142,399,400].
In spherical symmetry, the TLNs can be defined as the proportionality factor between
the induced mass quadrupole moment, M2, and the (quadrupolar) external tidal field, E2.
Let us consider the mutual tides induced on the two bodies of a binary system at orbital
distance r due to the presence of a companion. In this case
M
(1)
2 = λ1E
(2)
2 M
(2)
2 = λ2E
(1)
2 , (90)
where λi is the tidal deformability parameter of the i-th body. At Newtonian order, the
external tidal field produced by the i-th object on its companion is simply
E
(i)
2 ∼
mi
r3
∝ v6 . (91)
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The above results can be used to compute the contributions of the tidal deformability to
the binding energy of the binary, E(f), and to the energy flux dissipated in GWs, E˙. The
leading-order corrections read [401]
E(f) = − mq
2(1 + q)2
v2
(
1− 6q(k1q
3 + k2)
(1 + q)5
v10
)
, (92)
E˙(f) = −32
5
q2
(1 + q)4
v10
(
1 +
4
(
q4(3 + q)k1 + (1 + 3q)k2
)
(1 + q)5
v10
)
, (93)
where ki is the (dimensionless) TLN of the i−th object, defined as λi = 23kim5i . By
plugging the above equations in d
2ψ(f)
df2
= 2pi
E˙
dE
df , we can solve for the tidal phase to leading
order,
ψTD(f) = −ψN 624Λ
m5
v10 , (94)
where 39Λ = (1 + 12/q)m51k1 + (1 + 12q)m
5
2k2 is the weighted tidal deformability. Thus,
the tidal deformability of the binary components introduces a 5PN correction (absent
in the BH case) to the GW phase relative to the leading-order GW term. This can be
understood by noticing that the v6 term in Eqs. (90) and (91) multiplies the 1/v term in
Eq. (82), giving an overall factor v5 which is a 5PN correction relative to ψN ∼ v−5. This
derivation is valid for nonspinning objects, the effect of spin is suppressed by a further
1.5PN order and introduces new classes of rotational TLNs [396,398,402–404].
The TLNs of a nonspinning ultracompact object of mass M and radius r0 = 2M(1+)
(with   1) in Schwarzschild coordinates vanish logarithmically in the BH limit [136],
k ∼ 1/| log |, opening the way to probe horizon scales. This scaling holds for any ECO
whose exterior is governed (approximately) by vacuum-GR equations, and with generic
Robin-type boundary conditions on the Zerilli function Ψ at the surface, aΨ+bdΨdz = c [405].
In this case, in the → 0 limit one gets
k ∼ 2(4a− 3c)
15a log 
. (95)
Particular cases of the above scaling are given in Table I of Ref. [136]. Thus, the only
exception to the logarithmic behavior concerns the zero-measure case a = 34c, for which
k ∼ / log . No ECO models described by these boundary conditions are known.
Such generic logarithmic behavior acts as a magnifying glass to probe near-horizon
quantum structures [136, 138]. Since k ∼ O(10−3 − 10−2) when  ∼ `P /M . As a com-
parison, for a typical neutron star kNS ≈ 200, and probing quantum structures near the
horizon will require a precision about 4 orders of magnitude better than current LIGO
constraints [406]. Prospects to detect this effect are discussed in Sec. 5.8. The logarithmic
mapping between k and  makes it challenging constraint  from measurements of the
TLNs, because measurements errors propagate exponentially [138,407]. Nevertheless, this
does not prevent to distinguish ECOs from BHs using TLNs, nor to perform model selec-
tion between different ECO models all with new microphysics at the Planck scale [405].
This is shown in Fig. 12 – inspired by standard analysis to discriminate among neutron-
star equations of state [408,409]. The figure shows the tidal deformability λ = 23M
5|k| as
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Figure 12: Tidal deformability λ as a function of the mass for three toy models of ECOs.
For all models the surface is at Planckian distance from the Schwarzschild radius, r0 −
2M = `P . The dashed lines refer to a putative measurement of the TLN at the level of 10%
for an object with M = 107M, which would allow to distinguish among different models
at more than 90% confidence level. The zoomed inset resolves the thickness of each curve,
with a width given by the intrinsic error due to the quantum uncertainty principle [407].
Adapted from Ref. [405].
a function of the object mass for three different toy models (gravastars, wormholes, and
perfectly-reflecting Schwarzschild-like ECOs) characterized by the same Planckian scale
of the correction, δ ≡ r0 − 2M = `P ≈ 1.6× 10−33 cm.
To summarize, finite-size effects in the inspiral waveform provide three different null-
hypothesis tests of BHs. BHs have vanishing TLNs but introduce a nonzero tidal heating
(ψTD = 0, ψTH 6= 0), while ECOs have (logarithmically small) TLNs but zero tidal heating
(ψTD 6= 0, ψTH = 0). In addition BHs have a very well defined set of multipole moments
which depend on only two parameters (mass and angular momentum), whereas ECOs
have in principle limitless possibilities. In addition, it is possible that the inspiral excites
the characteristic modes of each of the objects, i.e., their QNMs. The extent to which this
happens, and its impact on the inspiral stage are still to be understood [410].
The TLNs were computed for boson stars [136, 137, 411], very compact anisotropic
fluid stars [115], and gravastars [136, 142]. The TLNs of simple-minded ultracompact
Schwarzschild-exterior spacetimes with a stiff equation of state at the surface were com-
puted in Ref. [136]. The TLNs of spacetimes mimicking “compact quantum objects” were
recently investigated [38].
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4.5.4 Accretion and drag in inspirals around and inside DM objects
When an object moves through any medium, it will be subject to (at least) two types of
drag. One is direct and caused by accretion: the accreting object grows in mass and slows
down. In addition, the moving body exerts a gravitational pull on all the medium, the
backreaction of which produces dynamical friction (known also as “gravitational drag”),
slowing the object down. To quantify these effects, it is important to know how the medium
behaves. Collisionless media cause, generically, a gravitational drag different from that
of normal fluids [86, 134]. The gravitational drag caused by media which is coherent on
large scales may be suppressed [190], but further work is necessary to understand this
quantitatively.
Consider now a binary of two compact objects, in which one is made of DM. At large
separations inspiral will be driven mostly by GW emission. However, at small distances,
the dynamics will generically be dominated by accretion and gravitational drag. The phase
evolution of a binary, taking gravitational radiation, accretion and drag was studied when a
small BH or neutron star inspirals around and inside a massive boson star [86,134]. These
results can also be directly translated to inspirals within a DM environment [86,134,175,
412–414]. Full nonlinear simulations of the inspiral and merger of boson stars, oscillatons
and axion stars include GW emission, drag and accretion and tidal deformations. Although
considerably more difficult to systematize and perform, such studies have been undertaken
recently [415–420].
4.5.5 GW emission from ECOs orbiting or within neutron stars
It is conceivable that ECOs play also a role in GW (as well as EM) emission when orbiting
close to neutron stars or white dwarfs. This might arise via two different possible ways.
ECOs can form via gravitational collapse of DM or unknown quantum effects, and cluster
around compact stars through tidal dissipation mechanisms. Alternatively, compact stars
evolving in DM-rich environments may accrete a significant amount of DM in their interior:
DM is captured by the star due to gravitational deflection and a non-vanishing cross-section
for collision with the star material [55,195–198]. The DM material eventually thermalizes
with the star, and accumulates inside a finite-size core [55,123,196,197].
Interaction of the core with the surrounding star may lead to characteristic EM signa-
tures [55,123]. Alternatively, a more generic imprint of such ECOs is GW emission, either
via standard inspiralling processes [421, 422] or by small oscillations of such ECOs inside
neutron stars or white dwarfs [422,423].
4.6 Formation and evolution
In the context of DM physics, the formation and existence of ECOs is very reasonable [424].
We know that DM exists, that it interacts gravitationally and that its coupling to Stan-
dard Model fields is very weak. Therefore, gravitationally bound structures made of DM
particles are dark (by definition) and can potentially be compact. Examples which are well
understood include boson stars, made of scalars or vectors, which constitute one notable
exception to our ignorance on the formation of ECOs. These configurations can arise out
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of the gravitational collapse of massive scalars (or vectors). Their interaction and mergers
can be studied by evolving the Einstein-Klein-Gordon (-Maxwell) system, and there is
evidence that accretion of less massive boson stars makes them grow and cluster around
the configuration of maximum mass. In fact, boson stars have efficient gravitational cool-
ing mechanisms that allow them to avoid collapse to BHs and remain very compact after
interactions [53,56,121,123]. Similar studies and similar conclusions hold for axion stars,
where the coupling to the Maxwell field is taken into account [425]. The cosmological
formation of such dark compact solitons, their gravitational clustering and strong inter-
actions such as scattering and mergers was recently investigated [426]. If DM is built out
of dark fermions, then formation should parallel that of standard neutron stars, and is
also a well understood process. Collisions and merger of compact boson stars [54, 415],
boson-fermion stars [417,427], and axion stars [420,428] have been studied in detail.
On the other hand, although supported by sound arguments, the vast majority of
the alternatives to BHs are, at best, incompletely described. Precise calculations (and
often even a rigorous framework) incorporating the necessary physics are missing. Most
models listed in Table 1 were built in a phenomenological way or they arise as solutions
of Einstein equations coupled to exotic matter fields. For example, models of quantum-
corrected objects do not include all the (supposedly large) local or nonlocal quantum effects
that could prevent collapse from occurring. In the absence of a complete knowledge of
the missing physics, it is unlikely that a ClePhO forms out of the merger of two ClePhOs.
These objects are so compact that at merger they will be probably engulfed by a common
apparent horizon. The end product is, most likely a BH as argued in Section 4.4.3. On
the other hand, if large quantum effects do occur, they would probably act on short
timescales to prevent apparent horizon formation possibly in all situations. Thus, for
example quantum backreaction has been argued to lead to wormhole solutions rather
than BHs [245]. In some models, Planck-scale dynamics naturally leads to abrupt changes
close to the would-be horizon, without fine tuning [166]. Likewise, in the presence of
(exotic) matter or if GR is classically modified at the horizon scale, Birkhoff’s theorem no
longer holds, and a star-like object might be a more natural outcome than a BH. However,
some studies suggest that compact horizonless bodies may form naturally as the result of
gravitational collapse [429]. The generality of such result is unknown.
An important property of the vacuum field equations is their scale-invariance, inherited
by BH solutions. Thus, the scaling properties of BHs are simple: their size scales with
their mass, and if a non-spinning BH of mass M1 is stable, then a BH of mass M2 is stable
as well, the timescales being proportional to the mass. Such characteristic is summarized
in Fig. 5. Once matter is added, this unique property is lost. Thus, it is challenging to
find theories able to explain, with horizonless objects, all the observations of dark compact
objects with masses ranging over more than seven orders of magnitude, although some
ECO models can account for that [115]. Such “short blanket” problem is only an issue
if one tries to explain away all the dark compact objects with horizonless alternatives. If
particle physics is a guidance, it is well possible that nature offers us a much more diverse
universe content.
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5 Observational evidence for horizons
“It is well known that the Kerr solution provides the unique solution for sta-
tionary BHs in the universe. But a confirmation of the metric of the Kerr
spacetime (or some aspect of it) cannot even be contemplated in the foreseeable
future.”
S. Chandrasekhar, The Karl Schwarzschild Lecture,
Astronomische Gesellschaft, Hamburg (September 18, 1986)
Horizons act as perfect sinks for matter and radiation. The existence of a hard or
smooth surface will lead in general to clear imprints. Classically, EM waves are the
traditional tool to investigate astrophysical objects. There are a handful of interesting
constraints on the location of the surface of ECOs using light [430–437]. However, testing
the nature of dark, compact objects with EM observations is challenging. Some of these
challenges, as we will discuss now, are tied to the incoherent nature of the EM radiation in
astrophysics, and the amount of modeling and uncertainties associated to such emission.
Other problems are connected to the absorption by the interstellar medium. As discussed
in the previous section, testing quantum or microscopic corrections at the horizon scale
with EM probes is nearly impossible. Even at the semiclassical level, Hawking radiation
is extremely weak to detect and not exclusive of BH spacetimes [438–440].
The historical detection of GWs [6] opens up the exciting possibility of testing gravity
in extreme regimes with unprecedented accuracy [7, 32, 100, 101, 138, 175, 441]. GWs are
generated by coherent motion of massive sources, and are therefore subjected to less
modeling uncertainties (they depend on far fewer parameters) relative to EM probes. The
most luminous GWs come from very dense sources, but they also interact very feebly with
matter, thus providing the cleanest picture of the cosmos, complementary to that given
by telescopes and particle detectors.
Henceforth we will continue using the parameter  defined by Eq. (3) to quantify
the constraints that can be put on the presence/absence of a horizon. The current and
projected bounds discussed below are summarized in Table 3 at the end of this section.
5.1 Tidal disruption events and EM counterparts
Main-sequence stars can be driven towards ECOs through different mechanisms, including
two-body or resonant relaxation or other processes [442,443]. At sufficiently short orbital
distances, stars are either tidally disrupted (if they are within the Roche limit of the
central ECO), or swallowed whole. In both cases, strong EM emission is expected for
ECOs with a hard surface relative to the case of a BH [444–447]. If the ECO mass is
above ∼ 107.5M, such emission should be seen in broad surveys and produce bright
optical and UV transients. Such an emission has been ruled out by Pan-STARRS 3pi
survey [448] at 99.7% confidence level, if the central massive objects have a hard surface
at radius larger than 2M(1 + ) with [437]
 ≈ 10−4.4 . (96)
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The limit above was derived under the assumption of spherical symmetry, isotropic
equation of state, and dropping some terms in the relevant equation. It assumes in addition
that the infalling matter clusters at the surface (thereby excluding from the analysis those
ECO models made of weakly interacting matter (e.g., boson stars) for which ordinary
matter does not interact with the surface and accumulates in the interior).
5.2 Equilibrium between ECOs and their environment: Sgr A∗
The previous results used a large number of objects and – in addition to the caveats just
pointed – assume that all are horizonless. The compact radio source Sgr A∗ at the center
of galaxy is – due to its proximity – a good candidate to improve on the above. Sgr A∗ has
an estimated mass M ∼ 4× 106M, and is currently accreting at an extremely low level,
with (accretion disk) luminosity Ldisk ∼ 1036erg s−1 (peaking at wavelength ∼ 0.1 mm),
about 10−9 times the Eddington luminosity for the central mass [449,450]. The efficiency
of the accretion disk at converting gravitational energy to radiation is less than 100%,
which suggests a lower bound on the accretion rate M˙ ≥ Ldisk ∼ 1015 g s−1 (10−24 in
geometric units).
Assume now that the system is in steady state, and that there is a hard surface at
r0 = 2M(1 + ). In such a case, the emission from the surface has a blackbody spectrum
with temperature T 4 = M˙/(4piσr20) ∼ 3.5× 103 K and bright in the infrared (wavelength
∼ 1µm) [374]. However, measured infrared fluxes at 1− 10µm from Sgr A∗ are one to two
orders of magnitude below this prediction. Initial studies used this to place an extreme
constraint,  . 10−35 [?, 433]. However, the argument has several flaws [41,451]:
i. It assumes that a thermodynamic and dynamic equilibrium must be established
between the accretion disk and the central object, on relatively short timescales.
However, strong lensing prevents this from happening; consider accretion disk mat-
ter, releasing isotropically (for simplicity) scattered radiation on the surface of the
object. As discussed in Section 2.2, only a fraction ∼  is able to escape during the
first interaction with the star, cf. Eq. (9). The majority of the radiation will fall back
onto the surface after a time troundtrip ∼ 9.3M given by the average of Eq. (11) 5.
Suppose one injects, instantaneously, an energy δM onto the object. Then, after a
time Ta, the energy emitted to infinity during N = Ta/troundtrip interactions reads
∆E ∼ [1− (1− )N] δM ≈ ( Ta
troundtrip
)
δM . (97)
where the last step is valid for N  1.
We can assume Ta = τSalpeter ≈ 4.5 × 107 yr and M˙ = fEddM˙Edd, where M˙Edd ≈
1.3×1039(M/M) erg/s is the Eddington mass accretion rate onto a BH. Then, from
Eq. (97) we get
E˙ ∼ 10−25
( 
10−15
)( fEdd
10−9
)
. (98)
5One might wonder if the trapped radiation bouncing back and forth the surface of the object might
not interact with the accretion disk. As we showed in Section 2.2, this does not happen, as the motion of
trapped photons is confined to within the photosphere.
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where we have normalized the fraction of the Eddington mass accretion rate, fEdd,
to its typical value for Sgr A*. Requiring this flux to be compatible with the lack of
observed flux from the central spot (E˙ . 10−25), one finds  . 10−15.
Assuming L ∼ E˙ and using the Stefan-Boltzmann law, Eq. (98) yields an estimate
for the effective surface temperature of Sgr A* if the latter had a hard surface,
T ∼ 7.8× 103
(
4× 106M
M
)1/2 ( 
10−15
)1/4( δM
10−7M
)1/4
K . (99)
ii. It assumes that the central object is returning in EM radiation most of the energy
that it is taking in from the disk. However, even if the object were returning all
of the incoming radiation on a sufficiently short timescale, a sizable fraction of this
energy could be in channels other than EM. For freely-falling matter on a radial
trajectory, its four-velocity vµ(1) = (E/f,−
√
E2 − f, 0, 0). Particles at the surface
of the object have vµ(2) = (
√
f, 0, 0, 0). When these two collide, their CM energy
reads [452],
ECM = m0
√
2
√
1− gµνvµ(1)vµ(2) ∼
m0
√
2E
1/4
, (100)
Thus, even for only moderately small , the particles are already relativistic. At
these CM energies, all known particles (photons, neutrinos, gravitons, etc) should
be emitted “democratically,” and in the context of DM physics, new degrees freedom
can also be excited. Even without advocating new physics beyond the 10 TeV scale,
extrapolation of known hadronic interactions to large energies suggests that about
20% of the collision energy goes into neutrinos, whose total energy is a sizable fraction
of that of the photons emitted in the process [453]. To account for these effects, we
take
 . 10−14 , (101)
as a reasonable conservative bound coming from this equilibrium argument.
If only a fraction of the falling material interacts with the object (for example, if
it is made of DM with a small interaction cross-section), then the above constraint
would deteriorate even further.
iii. The estimate (101) was reached without a proper handling of the interaction between
the putative outgoing radiation and the disk itself, and assumes spherical symmetry.
Thus, there might be large systematic uncertainties associated (and which occur for
any astrophysical process where incoherent motion of the radiating charges play a
key role).
5.3 Bounds with shadows: Sgr A∗ and M87
Recent progress in very long baseline interferometry allows for direct imaging of the region
close to the horizon, with the potential to provide also constraints on putative surfaces.
These images are also referred to as “shadows” since they map sky luminosity to the source
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(typically an accretion disk), see Sec. 2.2. Two supermassive BHs have been studied,
namely the Sgr A∗ source and the BH at the center of M87, whose imaging requires the
lowest angular resolution [8, 12–14,454–457].
In particular, the Event Horizon Telescope Collaboration has very recently obtained a
radio image of the supermassive BH candidate in M87 [14] and similar results for Sgr A∗ are
expected soon. The Event Horizon Telescope images of Sgr A∗ and M87∗ in the millimeter
wavelength so far are consistent with a point source of radius r0 = (2−4)M [8,12,14,454],
or
 ∼ 1 . (102)
This corresponds to the size of the photon sphere, which as we described in Section 2 will be
the dominant relevant strong-field region for these observations. The absence of an horizon
will influence the observed shadows, since some photons are now able to directly cross the
object, or be reflected by it. There are substantial differences between the shadows of BHs
and some horizonless objects (most notably boson stars [458–460]). Nevertheless, because
of large astrophysical uncertainties and the focusing effect for photons when → 0 [Eq. (9)],
all studies done so far indicate that it is extremely challenging to use such an effect to
place a constraint much stronger than Eq. (102) [91,461,462].
In principle, the accretion flow can be very different in the absence of a horizon, when
accreted matter can accumulate in the interior, possibly producing a bright spot within
the object’s shadow [463]. However, in practice this bright source may be too small to
be resolved. Assuming matter is accreted at a fraction fEdd of the Eddington rate, the
relative angular size of the matter accumulated at the center relative to the size of central
object is
∆maccr
M
∼ fEdd Tage
τSalpeter
≈ 3× 10−2
(
fEdd
10−4
)
, (103)
where in the last step we conservatively assumed that the central object is accreting at
constant rate for Tage = THubble ≈ 300τSalpeter and have normalized fEdd to the current
value predicted for Sgr A∗ [464]. Similar mass accretion rates are predicted for M87∗ [465].
Therefore, a resolution at least ≈ 100 times better than current one is needed to possibly
resolve the effect of matter accumulated in the interior of these sources. This is beyond
what VLBI on Earth can achieve.
In a similar spirit, tests based on strong-lensing events [466, 467] (in fact, a variant of
shadows) or quantum versions of it [468] have been proposed. Adding to the list of pos-
sible discriminators, Ref. [469] studied the impact of supersonic winds blowing through
BHs and boson stars. The conclusion is that, while qualitatively the stationary regime
of downstream wind distribution is similar, the density may defer by almost an order of
magnitude depending on the boson star configuration. At an observational level, these
differences would show up presumably as friction on the compact object. However, quan-
titative tests based on observations are challenging to devise.
Finally, “hotspots” orbiting around supermassive objects can also provide information
about near-horizon signatures [81, 82]. Recently, the first detection of these orbiting fea-
tures at the ISCO of Sgr A* was reported [470], implying a bound of the same order as
Eq. (102).
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5.4 Tests with accretion disks
Tests on the spacetime geometry can also be performed by monitoring how matter moves
and radiates as it approaches the compact object. Matter close to compact objects can
form an accretion disk [80,471,472], in which each element approximately moves in circular,
Keplerian orbits. The disk is typically “truncated” at the ISCO (cf. Fig. 1), which
represents a transition point in the physics of the accretion disk. It is in principle possible
to extract the ISCO location and angular velocity – and hence infer properties of the
central object such as the mass, spin, and quadrupole moment – from the EM signal
emitted (mostly in the X-ray band) by the accreting matter, either for a stellar-mass BH
or for a supermassive BH [473]. In practice, the physics of accretion disks is very complex
and extracting such properties with a good accuracy is challenging.
A promising approach is the analysis of the iron Kα line [474], one of the brightest
components of the X-ray emission from accreting BH candidates. This line is broadened
and skewed due to Doppler and (special and general) relativistic effects, which determine
its characteristic shape. An analysis of this shape (assuming that the spacetime is de-
scribed by the Kerr metric) provides a measurement of the BH spin and the inclination
of the accretion disk [475]. Although limited by systematic effects [473], this technique
has been used also to test the spacetime metric [476–482] and to distinguish boson stars
from BHs [129,130]. Another approach is the study of the thermal component of the spec-
trum from stellar-mass BHs using the so-called continuum-fitting method [475, 483, 484],
which can provide information about the ISCO location and hence the BH spin [484]. The
method can be also used to test the spacetime geometry [476, 480–482, 485–488] but is
limited by the fact that deviations from the Kerr geometry are typically degenerate with
the ISCO properties, e.g. with the spin of the object [473, 489]. Finally, an independent
approach is the study of the quasi-periodic oscillations observed in the X-ray flux emitted
by accreting compact objects [490–492]. The underlying mechanism is not well understood
yet, but these frequencies are believed to originate in the innermost region of the accretion
flow [493], and they might carry information about the spacetime near compact objects.
Some of the proposed models try to explain such phenomena with combinations of the
orbital and epicyclic frequencies of geodesics around the object. Based on these models,
constraints on boson stars have been discussed in Ref. [494].
These approaches are helpful in providing indirect tests for the nature of the accreting
central object, but are by construction unable to probe directly the existence of a surface.
A possible alternative is the study of the time lag (“reverberation”) between variability in
the light curves in energy bands, corresponding to directly observed continuum emission
from the corona around the BH and to X-rays reflected from the accretion disc [495]. Such
technique was explored assuming the central object to be a BH; the impact of a different
central object or of a putative hard surface is unknown.
5.5 Signatures in the mass-spin distribution of dark compact objects
The previous tests were based exclusively on EM measurements. There are tests which can
be done either via EM or GW signals. An exciting example concerns the measurement
of the spin of compact objects, which can be performed either via the aforementioned
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Figure 13: Exclusion plot in the χ −  plane due to the ergoregion instability of ECOs,
assumed to be described by the Kerr geometry in their exterior. Shaded areas represent
regions where a perfectly-reflecting ECO is unstable against gravitational perturbations
with l = m = 2, as described by Eqs. (76) and (75).
EM tests or from GW detections of binary inspirals and mergers [496]. This requires
a large population of massive objects to have been detected and their spins estimated
to some accuracy. EM or GW observations indicating statistical prevalence of slowly-
spinning compact objects, across the entire mass range, indicate either a special formation
channel for BHs, or could signal that such objects are in fact horizonless: the development
of the ergoregion instability is expected to deplete angular momentum from spinning
ClePhOs, independently of their mass, as we discussed in Section 4.4.1. Thus, the spin-
mass distribution of horizonless compact objects skews towards low spin. Although the
effectiveness of such process is not fully understood, it would lead to slowly-spinning
objects as a final state, see Fig. 13. On the other hand, observations of highly-spinning
BH candidates can be used to constrain ECO models.
Spin measurements in X-ray binaries suggest that some BH candidates are highly
spinning [497]. However, such measurements are likely affected by unknown systematics; in
several cases different techniques yield different results, c.f. Table 1 in [497]. Furthermore,
the very existence of the ergoregion instability in ECOs surrounded by gas has never been
investigated in detail, and the backreaction of the disk mass and angular momentum on
the geometry, as well as the viscosity of the gas, may change the character and timescale of
the instability. Finally, as discussed at the end of Sec. 4.4.1, dissipation within the object
might also quench the instability completely [303,304].
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5.6 Multipole moments and tests of the no-hair theorem
5.6.1 Constraints with comparable-mass binaries
Figure 14: Errors on the spin induced quadrupole moment (κs = (κ1 + κ2)/2) of a binary
system with a total mass of (10 + 9)M in the dimensionless spin parameters plane (χ1−
χ2), assuming the binary components are BHs, i.e. κs = 1. Here κi are the spin induced
quadrupole moment parameters of the binary constituents, i.e. M
(i)
2 = −κiχ2im3i . The
binary is assumed to be optimally oriented at a luminosity distance of 100 Mpc; (extended
from [381,382]).
An estimate of the bounds on the spin-induced quadrupole moment from GW detection
of compact-binary inspirals was performed in Refs. [381,382] (see Fig. 14). As we discussed,
this correction enters at 2PN order in the GW inspiral phase and is quadratic in the spin.
Therefore, it requires relatively low-mass binaries (which perform many cycles in band
before merger) and high spins. The quadrupole moment of the binary was parametrized
as M(i)2 = −κiχ2im3i (i = 1, 2), where κi = 1 for a Kerr BH.
For moderately large values of the spin (χi ≈ 0.5) and a binary at 500 Mpc, the pro-
jected bounds with Advanced LIGO are roughly κs ≡ (κ1 + κ2)/2 ≈ 50. This constraint
will become approximately 50 times more stringent with third-generation (3G) GW detec-
tors (such as the Einstein Telescope [498] and Cosmic Explorer [499]). Similar constraints
could be placed by the space detector LISA [500] for spinning supermassive binaries at lu-
minosity distance of 3 Gpc [381]. Assuming an ECO model, a bound on κi can be mapped
into a constraint on . The correction to the spin-induced quadrupole relative to the Kerr
value for a generic class of ECO models (whose exterior is perturbatively close to Kerr)
is given by the first term in Eq. (16). This yields κ = 1 + a2/ log , where a2 ∼ O(1) is
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a model-dependent parameter. Therefore, based on a constraint on ∆κ ≡ |κ− 1|, we can
derive the upper bound
 . e−
|a2|
∆κ , (104)
which (assuming a2 ∼ O(1)) gives  . 1 with Advanced LIGO and a factor 3 more stringent
with 3G and LISA. For a gravastar, a2 = −8/45 [106] and we obtain approximately  . 1
with all detectors. These constraints require highly-spinning binaries and the analysis of
Ref. [381–383] assumes that the quadrupole moment is purely quadratic in the spin. This
property is true for Kerr BHs, but not generically; for example, the quadrupole moment of
highly-spinning boson stars contains O(χ4) and higher corrections [501], which are relevant
for highly-spinning binaries.
In addition to projected bounds, observational bounds on parametrized corrections to
the 2PN coefficient of the inspiral waveform from binary BH coalescences can be directly
translated – using Eq. (82) – into a bound on (a symmetric combination of) the spin-
induced quadrupole moments of the binary components 6. This parametrized PN analysis
has been recently done for various BH merger events, the combined constraint on the
deviation of the 2PN coefficient reads δϕ2 . 0.3 at 90% confidence level [503]. However, the
component spins of these sources are compatible with zero so these constraints cannot be
translated into an upper bound on the spin-induced quadrupole moment in Eq. (16). They
might be translated into an upper bound on the non-spin induced quadrupole moment,
which is however zero in all ECO models proposed so far.
5.6.2 Projected constraints with EMRIs
Extreme-mass ratio inspirals (EMRIs) detectable by the future space mission LISA will
probe the spacetime around the central supermassive object with exquisite precision [50,
99,101]. These binaries perform ∼ m1/m2 orbits before the plunge, the majority of which
are very close to the ISCO. The emitted signal can be used to constrain the multipole
moments of the central object. In particular, preliminary analysis (using kludge waveforms
and a simplified parameter estimation) have placed the projected constrain δM2/M3 <
10−4 [505, 506]. In order to translate this into a bound on , we need to assume a model
for ECOs. Assuming the exterior to be described by vacuum GR and that δM2 is spin
induced, from Eq. (16) we can derive the following bound on 
 . exp
(
−10
4
ζ
)
, (105)
where we defined ζ ≡ δM2/M3
10−4 . Note that this is the best-case scenario, since we assumed
saturation of Eq. (16) (with an order-unity coefficient). Other models can exist in which
δM2 ∼ n, which would lead to much less impressive constraints. On the other hand,
6Unfortunately, for the majority of binary BH events detected so far [496], either the spin of the binary
component is compatible to zero, or the event had a low signal-to-noise ratio (SNR) in the early inspiral,
where the PN approximation is valid. The most promising candidate for this test would be GW170729, for
which the measured effective binary spin parameter is χeff ≈ 0.36+0.21−0.25 [496,502]. However, for such event no
parametrized-inspiral test has been performed so far [503]. If confirmed, the recent claimed detection [504]
of a highly-spinning BH binary would be ideal to perform tests of the spin-induced quadrupole moment.
66
Eq. (105) applies to certain models, e.g. gravastars. Notice how stringent the above
bound is for those models [78]. For this reason, it is important to extend current analysis
with more accurate waveforms (kludge waveforms are based on a PN expansion of the
field equations [506] but the PN series converges very slowly in the extreme mass ratio
limit [507], so results based on these waveforms are only indicative when m1/m2 > 10
3).
Model dependent studies on the ability of EMRIs to constrain quadrupolar deviations
from Kerr have been presented in Refs. [501,508,509].
5.7 Tidal heating
Horizons absorb incoming high frequency radiation, and serve as sinks or amplifiers for
low-frequency radiation able to tunnel in, see Sec. 4.5.2. UCOs and ClePhOs, on the
other hand, are not expected to absorb any significant amount of GWs. Thus, a “null-
hypothesis” test consists on using the phase of GWs to measure absorption or amplification
at the surface of the objects [138].
Because horizon absorption is related to superradiance and the BH area theorem [92],
testing this effect is an indirect proof of the second law of BH thermodynamics. While this
effect is too small to be detectable from a single event with second-generation detectors,
a large number (≈ 104) of LIGO-Virgo detections might support Hawking’s area theorem
at 90% confidence level [22].
On the other hand, highly-spinning supermassive binaries detectable with a LISA-type
GW interferometer will have a large SNR and will place stringent constraints on this effect,
potentially reaching Planck scales near the horizon [138]. This is shown in the left panel
of Fig. 15, which presents the bounds on parameter γ defined by adding the tidal-heating
term in the PN phase as γψBHTH (see Eq. (84)). For a BH γ = 1, whereas γ = 0 for
a perfectly reflecting ECO. Notice that the effect is linear in the spin and it would be
suppressed by two further PN orders in the nonspinning case.
Absence of tidal heating leaves also a detectable imprint in EMRIs [510, 511]. In
that case the point-particle motion is almost geodesic, with orbital parameters evolving
adiabatically because the system loses energy and angular momentum in GWs both at
infinity and at the horizon. Energy loss at the horizon is subleading but its putative
absence impact the phase of the orbits (and hence the GW signal) in a detectable way,
especially if the central object is highly spinning [510]. In Fig. 16 we show a comparison
between the inspiral trajectories with and without the tidal-heating term.
The effect is clearly important, but the known multiple systematics involved (e.g.,
due to waveform modeling and to parameter estimation in a signal-driven detector like
LISA) still need to be quantified. Finally, the ability of tidal heating in constraining the
closeness parameter  (or the blueshift of photons in Table 3 below) for EMRIs is yet to
be understood, both because of the above systematics and also because the absence of
tidal heating might be directly mapped into a bound on , since it depends mostly on the
object interior rather than on the location of the surface (see, however, discussion at the
end of Sec. 4.5.2).
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Figure 15: Percentage relative projected errors on the tidal-heating parameter γ (left
panel) and on the average tidal deformability Λ (right panel) as a function of the spin
parameter χ1 = χ2, for different values of the central mass m1 = (10
6, 5 × 106, 107)M
assuming a future detection with LISA. In the left and right panel we considered negligible
tidal deformability (Λ = 0) and negligible tidal heating (γ = 0), respectively. Full (empty)
markers refer to mass ratio m1/m2 = 1.1 (m1/m2 = 2). Points below the horizontal line
correspond to detections that can distinguish between a BH and an ECO at better than
1σ level. We assume binaries at luminosity distance 2 Gpc; σa scales with the inverse
luminosity distance, and σΛ scales with 1/Λ when k  1. Taken from Ref. [138].
5.8 Tidal deformability
As discussed in Sec. 4.5.3, the TLNs of a BH are identically zero, whereas those of an
ECO are not. Although this correction enters at 5PN order in the waveform, the tidal
deformability of an object with radius r0 is proportional to (r0/M)
5, so its effect in the
GW phase is magnified for less compact objects. This effect has been recently explored
for boson-star binaries, by investigating the distinguishability of binary boson stars from
both binary BHs [136, 137, 400, 512] and binary neutron stars [137]. Second-generation
GW detectors at design sensitivity should be able to distinguish boson-stars models with
no self-potential and with a quartic self-potential (cf. Table 2) from BHs, whereas 3G
(resp., LISA) is necessary to distinguish the most compact solitonic boson stars from
stellar-mass (resp., supermassive) BHs [136]. As a rule of thumb, the stronger the boson
self-interaction the more compact are stable boson-star equilibrium configurations, and
hence the smaller the tidal deformability and the chances of detectability. Fits for the
TLNs of various boson-star models are provided in Ref. [137]; codes to compute these
quantities are publicly available [301].
For ECOs inspired by Planckian corrections at the horizon scale, the TLNs scale as
k ∼ 1/| log | for a variety of models (see Sec. 4.5.3 and Table I in Ref. [136]). Due to this
scaling, in these models the TLNs are only roughly 4 orders of magnitude smaller than for
an ordinary neutron star. Nonetheless, measuring such small TLN is probably out of reach
even with 3G and would require LISA golden binaries [138] (see right panel of Fig. 15).
Due to the logarithmic scaling, in these models the statistical errors on  would depend
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Figure 16: Inspiral trajectories in the strong field of a Kerr BH with χ = 0.05 (left) and
χ = 0.8 (right) in the inclination-orbital radius plane for circular orbits. The top (bottom)
panel includes (exclude) the effect of tidal heating, i.e. energy absorption at the horizon.
Notice that tidal heating depends strongly on the spin and on the orbit. Adapted from
Ref. [510], courtesy of Scott Hughes.
exponentially on the TLNs and reaching a Planckian requires a very accurate measurement
of k [407]. Nonetheless, this does not prevent to perform ECO model selection (see Fig. 12).
Finally, in the extreme mass-ratio limit the GW phase (94) grows linearly with the
mass ratio q = m1/m2  1 and is proportional to the TLN of the central object, ψTD(f) ≈
−0.004k1q [513]. In this case the relative measurements errors on k1 scale as 1/√q at large
SNR. Provided one can overcome the systematics on EMRI modeling, this effect might
allow to measure TLNs as small as k1 ≈ 10−4 for EMRI with q = 106 detectable by
LISA [513]. Assuming models for which k1 ∼ 1/ log  (see Eq. (95)), we can derive the
impressive bound
 . exp
(
−10
4
ζ
)
, (106)
where now we defined ζ ≡ k1
10−4 . Note that the above bound is roughly as stringent as that
in Eq. (105) for k1 ≈ δM2/M3. In both cases the dependence on the departures from the
BH case is exponential, so the final bound is particularly sensitive also to the prefactors
in Eqs. (95) and (16). Also in this case, for models in which k2 ∼ n the bound on  would
be much less stringent.
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5.9 Resonance excitation
The contribution of the multipolar structure, tidal heating, and tidal deformability on
the gravitational waveform is perturbative and produces small corrections relative to the
idealized point-particle waveform. However, there are nonperturbative effects that can be
triggered during inspiral, namely the excitation of the vibration modes of the inspiralling
objects. In particular, if the QNMs are of sufficiently low frequency, they can be excited
during inspiral [86,134,146,410,514]. This case is realized for certain models of ECOs (e.g.
ultracompact gravastars and boson stars) and generically for Kerr-like ECOs in the → 0,
see Eq. (72). In addition to spacetime modes, also model-dependent fluid modes might
also be excited [441]. Due to redshift effects, these will presumably play a subdominant
role in the GW signal.
5.10 QNM tests
One of the simplest and most elegant tools to test the BH nature of central objects, and
GR itself, is to use the uniqueness properties of the Kerr family of BHs: vacuum BHs
in GR are fully specified by mass and angular momentum, and so are their vibration
frequencies [292, 515]. Thus, detection of one mode (i.e., ringing frequency and damping
time) allows for an estimate of the mass and angular momentum of the object (assumed
to be a GR BH). The detection of two or more modes allows to test GR and/or the BH
nature of the object [515–519].
Current detectors can only extract one mode for massive BH mergers, and hence one
can estimate the mass and spin of the final object, assumed to be a BH [7]. Future detectors
will be able to detect more than one mode and perform “ECO spectroscopy” [515–519].
To exclude ECO models, one needs calculations of their vibration spectra. These are
available for a wide class of objects, including boson stars [86, 134, 517], gravastars [145,
147, 258], wormholes [520, 521], or other quantum-corrected objects [168, 172]. A major
challenge in these tests is how to model spin effects properly, since few spinning ECO
models are available and the study of their perturbations is much more involved than for
Kerr BHs. In general, the post-merger signal from a distorted ECO might be qualitatively
similar to that of a neutron-star merger, with several long-lived modes excited [109] and
a waveform that is more involved than a simple superposition of damped sinusoids as in
the case of BH QNMs.
As discussed previously in Sec. 4.2 and in Sec. 5.12 below, all these extra features are
expected to become negligible in the  → 0 limit: the prompt ringdown of an ultracom-
pact ECOs should become indistinguishable from that of a BH in this limit, jeopardizing
standard QNM tests.
5.11 Inspiral-merger-ringdown consistency
The full nonlinear structure of GR is encoded in the complete waveform from the inspiral
and merger of compact objects. Thus, while isolated tests on separate dynamical stages
are important, the ultimate test is that of consistency with the full GR prediction: is the
full inspiral-merger-ringdown waveform compatible with that of a binary BH coalescence?
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Even when the SNR of a given detection is low, such tests can be performed, with some
accuracy. Unfortunately, predictions for the coalescence in theories other than GR and
for objects other that BHs are practically unknown. The exceptions concern evolutions of
neutron stars, boson stars, composite fluid systems, and axion stars [54,135,415,417,420,
425, 427, 428] (see Sec. 4.6), and recent progress in BH mergers in modified gravity [522–
525].
A model-independent constraint comes from the high merger frequency of GW150914 [7],
which was measured to be νGW ≈ 150 Hz. The total mass of this system is roughly
m1 + m2 ≈ 66.2M. By assuming that the merger frequency corresponds to the Keple-
rian frequency at contact, when the binary is at orbital distance r = 2m(1 + ), we obtain
the upper bound
 < 0.74 . (107)
Agreement between the mass and spin of the final object as predicted from the inspiral
stage and from a ringdown analysis can be used as a consistency check of GR [7,526]. For
compact boson star mergers, it is possible to find configurations for which either the
inspiral phase or the ringdown phase match approximately that of a BH coalescence, but
not both [415]. This suggests that inspiral-merger-ringdown consistency tests can be very
useful to distinguish such binaries. Thus, although the measurement errors on the mass
and spin of the final remnant are currently large, the consistency of the ringdown waveform
with the full inspiral-merger-ringdown template suggests that the remnant should at least
be a ClePhO, i.e. places the bound  . O(0.01), the exact number requires a detailed,
model-dependent analysis.
5.12 Tests with GW echoes
For binaries composed of ClePhOs, the GW signal generated during inspiral and merger is
expected to be very similar to that by a BH binary with the same mass and spin. Indeed,
the multipole moments of very compact objects approach those of Kerr when → 0, and
so do the TLNs, etc. Constraining  (or quantifying up to which point the vacuum Kerr
is a description of the spacetime) is then a question of having sensitive detectors that can
probe minute changes in waveforms. This would also require having sufficiently accurate
waveform models to avoid systematics. However, there is a clear distinctive feature of
horizonless objects: the appearance of late-time echoes in the waveforms (see Section 4.2).
There has been some progress in modeling the echo waveform and data analysis strategies
are in place to look for such late-time features; some strategies have been also implemented
using real data [315,323,331,334,527–531].
The ability to detect such signals depends on how much energy is converted from the
main burst into echoes (i.e., on the relative amplitude between the first echo and the
prompt ringdown signal in Fig. 9). Depending on the reflectivity of the ECO, the energy
contained in the echoes can exceed that of the standard ringdown alone [306,329], see left
panel of Fig. 17. This suggests that it is possible to detect or constrain echoes even when
the ringdown is marginally detectable or below threshold, as in the case of EMRIs or for
comparable-mass coalescences at small SNR.
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Searches for echo signals in the detectors based on reliable templates can be used to
find new physics, or to set very stringent constraints on several models using real data.
Different groups with independent search techniques have found structure in many of the
GW events, compatible with postmerger echoes [315,323,527,528,532]. However, the sta-
tistical significance of such events has been put into question [528, 533]. For GW150914,
Refs. [315, 323, 532]– using independent search techniques – report evidence for the ex-
istence of postmerger echoes in the data. However, Ref. [529] finds a lower significance
and a Bayes factor indicating preference for noise over the echo hypothesis. For other
GW events, there is agreement between different groups on the existence of postmerger
features in the signal, found using echo waveforms. The interpretation of these features
is under debate. An independent search in the LIGO-Virgo Catalog GWTC-1 found no
statistical evidence for the presence of echoes within 0.1 s of the main burst [331].
Any realistic search is controlled by η (cf. Eq. (59)) and the time delay between
main burst and echoes [315,323,334,527–530]. Since the SNR of the postmerger signal is
controlled by η on a integration timescale controlled by τ , even negative searches can be
used to place strong constraints on  [528,529].
Constraints on  are currently limited by the low SNR. These constraints will greatly
improve with next-generation GW detectors. A preliminary analysis in this direction [329]
(based on the template (61) valid only for nonspinning objects) suggests that perfectly-
reflecting ECO models can be detected or ruled out at 5σ confidence level with SNR
in the ringdown of ρringdown ≈ 10. Excluding/detecting echoes for models with smaller
values of the reflectivity will require SNRs in the post-merger phase of O(100). This
will be achievable only with ground-based 3G detectors and the planned space mission
LISA [500], see right panel of Fig. 17. Simple-minded ringdown searches (using as template
an exponentially damped sinusoid [534]) can be used to look for echoes, separately from the
main burst. For example, if the first echo carries 20% of the energy of the main ringdown
stage, then it is detectable with a simple ringdown template. LISA will see at least one
ringdown event per year, even for the most pessimistic population synthesis models used
to estimate the rates [519]. The proposed Einstein Telescope [498] or Voyager-like [535]
3G Earth-based detectors will also be able to distinguish ClePhOs from BHs with such
simple-minded searches.
Overall, in a large region of the parameter space the signal is large enough to produce
effects within reach of near-future GW detectors, even if the corrections occur at the
“Planck scale” (by which we mean  ∼ 10−40). This is a truly remarkable prospect. As
the sensitivity of GW detectors increases, the absence of echoes might be used to rule
out ECO models, to set ever stringent upper bounds on the level of absorption in the
object’s interior, and generically to push tests of gravity closer and closer to the horizon
scale, as now routinely done for other cornerstones of GR, e.g. in tests of the equivalence
principle [47,101].
5.13 Stochastic background
Above in Section 5.5, we discussed possible features in the spin distribution of massive
compact objects. If a large number of massive and dark objects are indeed horizonless
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Figure 17: Left: Representative example of ringdown+echo template (Eq. (61)) compared
to the power spectral densities of various ground-based interferometers [536–539] as func-
tions of the GW frequency f . We considered an object with M = 30M, at a distance
of 400 Mpc, with closeness parameter  = 10−11, and various values of the reflectivity
coefficient R′ at the surface (see Eq. (62)). The case R′ = 0 corresponds to the pure
BH ringdown template. Right: Projected exclusion plot for the ECO reflectivity R′ as a
function of the SNR in the ringdown phase and at different σ confidence levels, assuming
the ringdown template (61) based on the transfer-function representation and assuming a
source near the ECO surface. Shaded areas represent regions that can be excluded at a
given confidence level. Vertical bands are typical SNR achievable by aLIGO/Virgo, 3G,
and LISA in the ringdown phase, whereas the horizontal band is the region excluded by
the ergoregion instability, see Sec. 4.4.1. Adapted from Ref. [329].
and very compact, they will be subjected to the ergoregion instability (discussed in Sec-
tion 4.4.1) which drains their rotational energy and transfers it to GWs. Thus, the entire
universe would be radiating GWs, producing a (potentially) significant amount of stochas-
tic GWs [368, 540, 541]. Note that such background does not require binaries, isolated
ECOs suffice (isolated compact objects are expected to be ∼ 100 times more numerous
than merging binaries [542]).
The background can be characterized by its (dimensionless) energy spectrum
ΩGW =
1
ρc
dρgw
d ln fo
, (108)
ρgw being the background’s energy density, fo the frequency measured at the detector and
ρc the critical density of the Universe at the present time. Results for a simple ECO,
modelled with Kerr exterior and Dirichlet conditions at its surface are shown in Fig. 18.
The derived constraints assume all BH candidates are horizonless, the bound scales linearly
with the fraction of ECOs in the population.
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Figure 18: Extragalactic stochastic background of GWs in the LIGO/Virgo (left panel),
LISA and PTA bands (right panel) assuming all BH candidates to be horizonless, described
by a Kerr exterior and Dirichlet conditions at the surface r = r+(1 + ), with  = 10
−40.
The bands brackets different population models. The black lines are the power-law inte-
grated curves computed using noise power spectral densities for: LISA with one year of
observation time [500], LIGO’s first observing runs (O1), LIGO at design sensitivity, and
an SKA-based pulsar timing array. Taken from Ref. [368].
5.14 Motion within ECOs
In certain models, the ECO interior might be weakly interacting and a further discrim-
inator would be the motion of test particles within the object. Among other effect, this
can produce non-standard signals in EMRIs. As discussed in Secs. 4.5.4 and 4.5.5, this
motion is driven by the self-gravity of the central object, accretion, and dynamical friction.
The study of geodesic motion inside a solitonic boson stars was analyzed in [132]. The
effects of accretion and drag were included in Refs. [86,134,175,543]. These effects cannot
be directly translated into bounds on , but would be a smoking-gun signature for the
existence of structures in supermassive ultracompact objects.
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6 Discussion and observational bounds
The purpose of physics is to describe natural phenomena in the most accurate possible way.
The most outrageous prediction of GR – that BHs should exist and be always described
by the Kerr geometry – remains poorly quantified. It is a foundational issue, touching on
questions such as singularity formation, quantum effects in gravity, the behavior of matter
at extreme densities, and even DM physics. The quest to quantify the evidence for BHs
can – in more than one way – be compared with the quest to quantify the equivalence
principle, and needs to be complemented with tests of the Kerr nature of ultracompact
dark objects. Table 3 summarizes the observational evidence for BHs.
These bounds can be read in two different ways. On the one hand, they tell us how
appropriate the Kerr metric is in describing some of the massive and dark objects in our
universe. In other words, observations tell us that the Kerr description is compatible with
observations at least down to r = r+(1 + ). Alternatively, one can view these numbers
as constraints on exotic alternatives to BHs. In both cases, the constraint on  can be
translated into the ratio of frequencies (or redshift, as measured by locally non-rotating
observers [544]) of a photon as it travels from infinity down to the farthest point down to
which observations are compatible with vacuum.
Most of the constraints shown in Table 3 are associated with large systematics or mod-
elling uncertainties. From a proper understanding of astrophysical environments and their
interaction with ultracompact objects, the development of a solid theoretical framework,
to a proper modeling of the coalescence of such objects and data analysis to see such
events, the challenges are immense. The pay-off for facing these oustanding issues is to be
able to quantify the statement that BHs exist in nature.
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Constraints Source Reference
(.) ν
ν∞ (&)
1a. O(1) O(1) Sgr A∗ & M87 [8,12,14,454,470]
1b. 0.74 1.5 GW150914 [6]
2. O(0.01) O(10) GW150914 [6]
3. 10−4.4 158 All with M > 107.5M [437]
4. 10−14 107 Sgr A∗ [437]
5. 10−40 1020 All with M < 100M [368]
6. 10−47 1023 GW150914 [331,529]
7*. e−10
4/ζ e5000/ζ EMRIs [505,506,513]
Effect and caveats
1a. Uses detected orbiting hotspot around Sgr A∗ and “shadow” of Sgr A∗ and M87.
Spin effects are poorly understood; systematic uncertainties not quantified.
1b. Merger frequency of GW150914 and measurements of the masses.
Assumes merger frequency equal to Keplerian frequency at contact.
2. Consistency of ringdown with BH signal.
Large measurement errors on the QNM frequencies. Precise bounds are model dependent.
Bounds will improve significantly with detailed searches for post-merger echoes.
3. Lack of optical/UV transients from tidal disruption events.
Assumes: all objects are horizonless, have a hard surface, spherical symmetry, and isotropy.
4. Uses absence of relative low luminosity from Sgr A*, compared to disk.
Spin effects and matter-radiation interaction matter poorly understood; assumes spherical symmetry.
5. Uses absence of GW stochastic background (from ergoregion instability).
Assumes: hard surface (perfect reflection); exterior Kerr; all objects are horizonless.
6. Uses absence of GW echoes from post-merger object.
90% confidence level for η > 0.9, deteriorates for smaller η. Simplified echo template, limited range of priors.
7*. Projected EMRI constraints on the spin-induced quadrupole (ζ = (δM2/M3)/10−4) and TLNs (ζ = k/10−4).
Assumes saturation of Eq. (16) (for δM2) and Eq. (95) (for k) and order-unity coefficients in those equations.
Uses PN kludge waveforms, phenomenological deviation for M2, and simplified parameter estimation.
Models for which δM2 ∼ n or k ∼ n are much less constrained.
Table 3: How well does the BH geometry describe the dark compact objects in our universe? This table
quantifies the answer to this question, for selected objects, by excluding the presence of surfaces in the
spacetime close to the gravitational radius of the object. The deviation from the vacuum Kerr geometry,
of mass M and angular momentum J = χM2, is measured with a dimensionless quantity , such that
the structure is localized at a Boyer-Lindquist radius r+(1 + ), where r+ = M(1 +
√
1− χ2). For  = 0
the spacetime is described by vacuum GR all the way to the horizon. We also express the constraint as
measured by the blueshift of a radial-directed photon ν/ν∞ (on the equatorial plane, measured by locally
non-rotating observers) as it travels from large distances to the last point down to which observations
are compatible with vacuum. The constraints come from a variety of observations and tests provided in
the references in the last column and interpreted as discussed in Sec. 5. Alternative quantities that can
parametrize the deviation from the vacuum Kerr geometry are the light travel time from the light ring
to the surface (Eq. (74)) or the proper distance between the light ring and the surface. Both quantities
depend on  and on the spin χ of the object, and scale as log  as  → 0. Entries with an asterix refer to
projected constraints.
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